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THE T AND T* COMPONENTS OF A - MODULES AND 
LEOPOLDT'S CONJECTURE 

PREDA MIHAILESCU 

Abstract. The conjecture of Leopoldt states that the p - adic regula- 
tor of a number field does not vanish, ft was proved for the abelian case 
in 1967 by Brumer, using Baker theory. A conjecture, due to Gross and 
Kuz'min will be shown here to be in a deeper sense a dual of Leopoldt's 
conjecture with respect to the Iwasawa involution. We prove both con- 
jectures for arbitrary number fields K. The main ingredients of the proof 
are the Leopoldt refiection, the structure of quasi - cyclic Zp[Gal(K/Q)] 
- modules of some of the most important A[Gal(K/Q)] - modules oc- 
curring {T acts on them like a constant in Zp), and the Iwasawa skew 
symmetric pairing. 
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1. Introduction 

Let K/Q be a finite galois extension with group G. Dirichlet's unit theo- 
rem states that, up to torsion made up by the roots of unity C K^, 
the units E = 0(K)^ are a free Z - module of Z - rank ri + r2 — 1- As 
usual, ri and r2 are the numbers of real, resp. pairs of complex conju- 
gate embeddings K ^ C. Let p he a rational prime. We consider the set 
P = {p C 0(K.) : (p) C p} of distinct prime ideals above p and let 

Rp = KpiK) = J] = K ®Q Qp 

be the product of all completions of K at primes above p. Let l : M. ^ ^ 
be the diagonal embedding. We write Lp{x) for the projection of l{x) in the 
completion at p G P. If y € then Lp{y) is simply the component of y in 
ItCp. li U C Rp is the group of units, thus the product of local units at the 
same completions, then E embeds diagonally via l : E ^ U. Furthermore 
one can use t for inducing a galois structure on ^ (see §2.1). 

Let E = i{E) C [/ be the closure of i{E)] this is a Zp - module with 
Zp-rk(ii^) < Z-rk(ii^) = ri + r2 — 1. The difference 

= (Z-rk(^)) - {Zp-vk(E)) 

is called the Leopoldt defect. The defect is positive if relations between the 
units arise in the local closure, which are not present in the global case. 
Equivalently, if the p - adic regulator of K vanishes. 

Leopoldt suggested in |21j that T>{M.) = for all number fields K. This 
conjecture of Leopoldt was proved for abelian extensions by Brumer [7] in 
1967, using a result of Ax [5] and a local version of Baker's linear forms in 
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logarithms [6]. It is still open for arbitrary non abelian extensions. Since 
1967 various attempts have been made for extending the results of [Tj to 
non abelian extensions, using class field theory, Diophantine approximation 
or both. The following very succinct list is intended to give an overview 
of various approaches rather than a extensive list of results on Leopoldt's 
conjecture. In [12], Greenberg notes for the first time a relation between 
the Leopoldt Conjecture and a special case of the Greenberg Conjecture: he 
shows that Leopoldt's Conjecture implies that B (see §1.1. for the defini- 
tions) is finite for totally real fields, i.e. the Greenberg Conjecture for holds 
for the T - part. The Conjectures of Leopoldt and Gross (see below) are 
equivalent to Greenberg's Conjecture for the T and T* - parts of A: see also 
§6 for more details on the connections between the Greenberg Conjecture 
and those treated in this paper. 

The works of Federer [9j and and Federer and Gross [10] use Iwasawa 
theory and introduce the related Conjecture known as Gross's Conjecture, 
which will be proved in Theorem [5] and again, together with the Proposition 
[5j In an earlier paper, Kuz'min [18] had stated the 'Hypothesis 3' asserting 
that A'/{{A')^) is finite. It is this version of the Gross Conjectur^, that we 
shall prove; since it is identical to Hypothesis 3, we shall speak of the Gross- 
Kuz'min Conjecture. Jaulent relates the Leopoldt and Gross Conjectures in 
the wider context of a Conjecture which carries his name [16]; the Conjecture 
of Jaulent is beyond the scope of this paper. Emsalem, Kissilewski and Wales 
[H] use group representations and Baker theory for proving the Conjecture for 
some small non abelian groups; this direction of research has been continued 
by Emsalem or Emsalem and coauthors, in some further papers. Jaulent 
proves in [15] the Conjecture for some fields of small discriminants, using the 
phantom field $ which we shall define below. The strongest result based on 
Diophantine approximation was achieved by Waldschmidt [2^, who proved 
that if r is the Z - rank of the units in the field K, then the Leopoldt defect 
verifies V{K) < r/2. 

It is easy to show that if K'/Q is a field such that Leopoldt's Conjecture 
holds for some galois extension K/Q which contains K', then it holds for 
K'. See for instance [19], the final remark on p. 108. Likewise, if the 
Gross - Kuz'min Conjecture holds for K, then it holds for K'. We may thus 
concentrate on galois extensions of Q and shall assume in the rest of this 
paper that K/Q is galois and contains the p-th roots of unity; in particular 
IC is complex. The Dirichlet number is r = r2 — 1 and the p - adic rank 
of E is Vp = r — T>(K). Furthermore, we assume that K is such that all 
the primes above p are completely ramified in the Zp - cyclotomic extension 
Koo/IK and the Leopoldt defect is constant for all intermediate fields of this 
extension. This can be assumed by choosing K sufficiently large, according 
to [25], Lemma 13.30; although the field F is assumed in the whole section 



^See also, the 'generalized Gross Conjecture', (iii) in [20], p. 854 
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of Washington's book to be totally real, the proof of 13.30 does not depend 
on this assumption, but see also Appendix A, proof of Lemma 13.30. 
The main purpose of the paper is to prove: 

Theorem 1. The Conjectures of Leopoldt and Gross - Kuz'min hold for all 
number fields K/Q. 

The philosophy of this paper is reflected in the following targets: 

A. Avoid /i - parts and pseudo-isomorphisms as much as possible, by 
considering adequate fields and their galois groups. 

B. If X is a A - module, find explicite embeddings of abstract mod- 
ules like the dual X' and the adjoint a{X) and the double adjoint 
a{a{X)), whenever possible in X itself. For this, we construct ex- 
plicite radicals for finite and infinite Kummer extensions and develop 
infinite Kummer extensions together with their radicals as projec- 
tive modules, from scratch. This is done in §2.4 and yields also a 
solution to the embedding problem. 

C. Give a precise description of intermediate extensions of L/Kqo for 
arbitrary extensions L such that Gal(L/]Koo) is a A - module. This 
is done in §2.3 

D. Assume that the Leopoldt Conjecture is false; there is then a se- 
quence of fields, which emerge naturally from conditions imposed by 
reflection and class field theory, and which all have Zp - free groups 
of rank T>(K). These shall be called phantom fields. The neces- 
sary properties resulting from Iwasawa and class field theory shall 
be followed from one consequence to another, eventually leading to a 
contradiction. This contradiction does indeed arise and it is caught 
in Proposition [5l 

In view of this program, some of the theoretical constructs go beyond the 
immediate requirements for the proof of the Conjectures under investigation. 
Rather than introducing artificial reduction of generality, we chose to defer 
the proof of technical and elementary facts to the Appendices which grow 
accordingly. 

1.1. General notations. Let Koo/IK be the cyclotomic Zp - extension of K 
and ]K„ the intermediate fields of level n. The ground field is IC, a complex 
galois extension which contains the p'^^^-th but not the p'^'^'^-th roots of 
unity. The constant k will be fixed in Definition [3] below, such that the A - 
modules related to K have some useful additional properties; we shall denote 
then by k the particular value chosen. We write K = Kq = Ki = K2 = . . . = 
Kfc. As usual, we let r be a topological generator of F = Gal(]ICoo/I[C) and 
T = T - 1, A = Zp[[r]]. We shall assume that the Leopoldt defect Z^(]IC^) is 
constant for all n > k. 

For all n > we let An be the p - Sylow subgroups of the class group 
C{Kn) and ^ t he projective limit, a A - module. The groups A'^^A' are 
defined as An, A, with respect to the class groups of p - integers: see also 
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54.3; the numeration respects the same rule as for the intermediate 



fields. The norms Nm,n = N 
surjective as maps Am — > A„ 
extensions of IC is M and A = 



for m > 



n 



and A'^ — 
Gal(M/]K); 



> k are supposed to be 
The product of all Zp - 
thus Koo C M. We let further 



A' 



11,0 be the maximal p - abelian extensions of Kqo, which are unramified, 
respectively "p - ramified. Note that we do not use the index c« for H and 
will write instead ]HI(]K) = Hq for the Hilbert class field of K. For some field 
K we write E{K), E'[K) for the units respectively the p - units of K. We 
shall consider the following additional subfields of 0: 



n + l 



n+l 



n>0 



n>0 



SO Koo C Jl^; C O^;' C ri. 

If X is some infinite abelian group, we write X° for its Zp - torsion 
(which may include some torsion A - module of infinite p - rank) and for 
17 D F D K oo, some infinite extension, we shall write 



¥ = X 



Gal 



for the fixed field of the Zp - torsion of galois group of this field. Thus 
Gal(F/I[C oo) is a free Zp - module, possibly of infinite rank. This construction 
also cancels eventual /i - parts in our modules, so we need no assumptions 
on the vanishing of the /i - part of A. In general H 7^ IHI and = 12 iff 
//(K) = 0, while ^Ie = and 0,e' = ^e'- We may thus use both simple 
and barred notations for these fields. 

The general notations from Iwasawa theory which we use here are: 



p 


A rational prime. 


x° 


The Zp - torsion of the abelian group X , 


Cp" 


Primitive p'^-th roots of unity with (^n = Cp"-i for all n > 0., 






IC 


A galois extension of Q containing the p-th roots of unity 




The cyclotomic Z — p - extension of K, resp. its n-th intermediate field 


G 


Gal(]K/Q), 


s 


The number of primes above p in K, 


r 


Gal(Koo/]K) = ZpT, r a topological generator of F 


T 


r-1, 


* 


Iwasawa's involution on A induced by T* = {p^~^^ — T)/{T + 1), 


A 


Zp[[T]], A„ = A/KA), 




(r+l)?""*'^'' -1, (K^)-" = {!}, 






SCoo 


L)n>Q^n '■ The cyclotomic Zp - extension of K., 
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An = A{Kn) 
A 

A'n = A'{Kn) 

A' 
B 

Qe' 

M 

m 

Some galois groups repeatedly used, are 



X 


= Gal(M/Koo), 




= Gal(M/lCoo) 


y 


= Gal(17/Koo), 


y 


= Galin/lCoo) 




= Galjo/M), 




= Gal(n/H) 


3 


= Ga\{^ /TLe'), 


3 


= GaliSi/TLE') 


yE 


= GaKOB/Koo), 


yE' 


= Gb1{TIe'/^oo 



At finite levels levels, we mostly write F„/]K„ for the maximal Kummer 
subextension of exponent included in F. One exception may occur 

because of the ambiguous notation it may be the maximal Kummer 
subextension of O over ]K„ but it may also be the maximal p - abelian p 

- ramified extension of K^. We choose the first and denote the second, 
consistently, by M„. The previous groups will then be indexed like in 

Xn = Gal(]H„/]K„), yE,n = GSi\{9.E ^n/]Koo), etc. 

If F{T) is the characteristic polynomial of A and f\F is a distinguished 
polynomial, we let 0/ C be the maximal subfield with galois group 3^/ = 
Gal(r2//]Koo) annihilated by / and free as a Zp - module. Thus Qf,Qf 
are subfields of Q corresponding to some factors of the group Gal(0/]Koo) 
of essential A - rank r2, much like finite subextensions of a - extension 
correspond to factors by the compact subgroups • Zp C Zp. The field 

C Q is defined like Qf, with respect to H: the maximal subfield of 
with group Sjf = Gal(Qj/]HI) annihilated by /. Note that Gal{^/Q) is Zp 

- torsion of infinite rank, so it is not annihilated by /, thus Qf C ^l. The 
fields Mf = nM, by definition. These definitions are given with proofs of 
existence in §3. 

We assume that the primes above p are completely ramified in Koo/ItC 
and p C K is one such prime. We let vr G K be fixed by the decomposition 
group Dp C G of p and such that (vr) = p°'^'^^^\ With this, we fix IT = 
{tt"' : a G G/Dp} C K, thus s = \U\ is the number of primes above p in K, 
like above; the choice of 11 is not canonical, but r2£;[n^/P°°] = O^;/, so 11 is 



The p - part of the ideal class group of Kn, 
lim An, 

The p - part of the ideal class group of the p - integers of ]K„ , 
limA'^, 

The Leopoldt defect of the field K , 

{b = (fe„,)„gN G A : The classes 6„ contain products of ramified primes}. 
The maximal p - abelian p - ramified extension of Kqo, 
U^^oKn[E{Kny/P"^'] = K^[E'/P°"], 
U^^oKnlE'iKny/p"^'] = K^[E''^P°"], 
The product of all Zp extensions of K , 
The maximal p - abelian unramified extension of Koo- 
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a notational simplification. Here is a complementary list of notations which 



we introduce: 




V 


{ap : a £ G, and p a prime of K above p}, 


D^CG 


The decomposition group of p, 


C 


Coset representatives for G/Dp, 


n 


{air : C7 G C, vr 6 K, (vr) = p°='<i{P)} 


i?(K) 


K Qp, for global nelds K 




-L i±C UJ UlUll 1± Uli± JA-^^XV^ 111 LliC L-UlliJJlC LlUli XV^, 


C/(K) 


The units of j^(K), 


E{K),E'{l<i) 


The units and p - units of some global field K, 


U'iK) 


The one - units in U , Un = f/^^^ (!€„,), 


The one units of absolute norm 1 in .^(K), up to torsion, 




The completion of E(K) ^ U(K), 


M 














^Lcr2,(Gal(L/Koo)-^={l} ^' 




^Lcn,(Gal(L/H)/={l} ^' 


yf 


Gal(0//Koo), j>/ = Gal(J7//]H), 




^^Ei nMoo, 




The maximal sub field of IHI with group fixed by /, 


M„ 


The product of all Zp extensions of IK„ , M = M(IK) 


A„ 


Gal(M„/IK„), An = Gal(M„/I[Coo) 


Mi? 


rtEr\M. 



The symbols Kooi-E^^^""], IKoo[-E"^^^ ] are well defined, however symbols like 
QeW^"^] and even more so, Itioo 

have lead to some ambiguity. The 
use of radicals of classes will be developed in much detail in the third chapter, 
where all such symbols are either rigorously defined or discarded; the last 
holds for IKoo[^"^^^°°] which has a possible non canonic definition, but is 
not of great help and can thus be avoided. We then may write things like 
Oi5[ai/P°°],Ms[ai/P"], a e ^ or J7b,[SVp°°], 5 c A', etc. 

1.2. Connection to Iwasawa theory. We shall take here an approach 
using class field and Iwasawa theory. Let T — > T* be the Iwasawa involu- 
tion (see (llOp for a definition); the main fields of our interest will be Jly 
and VIt* , ^T* ■ Note that in this notation, Qj- = M, since by definition 
Gal(r2T/IKoo) is also Zp torsion - free. 

In general, for arbitrary polynomials /, one may prove by using the Iwa- 
sawa skew symmetric pairing that Gal{i}f /i^E') ~ Gal((Hnr2/*)/lKoo)*; this 
and more consequences of Iwasawa's work are proved in Theorem [3] and lay 
the ground for the proof of the final result. Although the general structure 
of and is beyond the scope of this paper, this and similar facts will 
be exposed for the sake of completeness. 
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Assuming that Leopoldt's Conjecture is false for K, we shall show that 
Qt* nHoo = $ C Ob is a non trivial extension with group of Zp - rank 
its existence is thus equivalent to the failing of Leopoldt's Conjectur^. This 
and two other extensions with the same property are denoted by phantom 

- fields, for obvious reason: they encrypt a constant which should be zero. 
The Zp - ranks of the groups yj can be calculated exactly by means of class 
field theory and it turns out that Zp-rk(3^r*) = r2 + s — 1, where s denotes 
like usual the number of primes above p in K. We then use the tower (j25p 
as a filter for the extension Ut* /H: the sum of the ranks of the different 
intersections must add up to the total of r2+s — 1. Some direct investigations 
of ranks show the following equalities: 

(2) Zp-rk(Gal((OT. nSl£;/)/Moo)) = rs + s - 1 - P(]K), 
Zp-rk(Gal((QT* • Oij/)/!!^;/) = 

The last equation in ([2]) is a consequence of the first two, based on the 
Lemma \TM The proof of the second identity in ^ is given in Section 5 
and is the crucial step in proving the main result of this paper. The central 
observation of the proof is based on the remark that the field $ is one with 
Kummer radical annihilated by T and group annihilated by T* . This has as 
consequence that a tower of extensions of the type ]K„ C L„ C L^, in which 
L„ C Hj and C 51/ , while L^/]K.„ is abelian, cannot exist. These towers 
are possible for f ^ T*, but the radicals of • M.2n come from M.2n in that 
case, as shown in Example [2] in Appendix C. For f = T* , they must come 
from K, which leads to a contradiction and proves the Theorem [TJ 

1.3. Structure. The development of the material in the paper is rather 
smooth and we introduce the basic concepts in more detail then directly 
necessary; in part, proofs which are not of direct importance, are given in 
the Appendices. 

Since the Conjecture is related to T and T* - parts, the idea is to follow all 
possible extensions over IJCqo or HI with galois groups or radicals annihilated 
by T and bring their relations and ranks in evidence. It becomes a pattern, 
that in all cases some phantom field with galois group of rank T>(K) will 
emerge. In Chapter 2 and the related parts of Appendix A we treat the 
structure of Zp [G] - modules and their isomorphy classes in the case when G 
is non commutative, and develop the theory of local and global Minkowski 
units. In §2.3 we consider in detail the growth of A - modules, obtaining some 
general results on Weierstrass modules - i.e. A - torsion modules of finite 
rank and Zp - torsion - free. These are then used as a base for presenting a 
projective structure on radicals and defining the Leopoldt reflection for A[G] 

- modules. The action of G on our modules is always taken into consideration 
in addition to the one of A. 



The field $ was often noticed in the literature: for example in Jaulent's recent paper 
[15) . treating a special case of Leopoldt's Conjecture 
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The Chapter 3 treats the extension Q^/VLe and we define in this context 
radicals as classes; this allows embedding adjoints and duals of submodules 
of A in ^ itself and opens the way for the deep results on duality based 
on the Iwasawa skew symmetric pairing, which are presented in §3.3. The 
section 3.4 gives the rank estimates for ([2]) and some new explicite radical 
constructions; these bring a new perspective on duality in the non CM case, 
when it appears as a useful counterpart for the lacking complex conjugation. 
In Chapter 4 we prove the Gross - Kuz'min Conjecture, using an approach 
which relays strongly on duality; the CM case is however quite simple. In 
Chapter 5 we then prove the Proposition 5, from which the Main Theorem 
follows. The final Chapter treats some consequences, like the fact that the 
proven conjectures are the special cases of the Greenberg Conjecture, for 
the T and T* parts of A'. 

2. Groups, modules and fields 

Most of the modules that we shall encounter are 7Ly^\ - modules, with 
G = Gal(I[C/Q) or G = Gn = Gal(]K„/Q). The first section of this Chapter 
will treat the structure of such modules. Next we shall recall some properties 
of the completions of a field at primes above p, and consider local and global 
Minkowski units in some detail. 

Since most groups we encounter are finite or infinite p - groups, we define 
here some notions that we repeatedly use: 

Definition 1 (Group-related constants). Let X be an abelian p - group 
written additively. If X is a Zp - torsion module, the exponent exp(X) = 
minjp' : p'X = 0}, and p^ is an exponent for X iff i > exp(X). Suppose 
that X has exponent and p - rank r. We say that X has sub- exponent 
pin ^ pTi some m > 0, if there is a subgroup Y C X with p-rk(Y) = 
p-rk{X) = r and for all y £ Y \ pY we have p^^^y / 0. 

The quotient X/pX is an ¥p - vector space with respect to which the p - 
rank is defined by p-rk{X) = dim{X/pX). If X is finite, then p-rk{X) = 
d\m[X/pX) = d\m.{S{X)), where S{X) is the first socle of X. In general, 
the m-th socle is SmiX) = Ker {p^ : X X). If X is infinite, the 
essential p - rank is ess. p-rk(^X) = limm— >oo 

p-rkip'^X). 

Let X be a A - module. By Nakayama's Lemma, the number of elements 
in a minimal set of generators Xi X \ X^ of X is the p - rank of X'^'^ 
and does not depend on the choice of the Xj. We denote this number by A - 
rank of X, so 

A-rank{X) = p-rk{X'^'). 

2.1. Idempotents, supports, annihilators and components in 

In the context of Leopoldt's Conjecture we are interested in ranks and not 
in torsion of modules over rings. It is thus a useful simplification to tensor 
these modules with fields, so we introduce the following 
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Definition 2. Let G he a finite group and A,B a Z -, respectively aTLp - 
module, which are torsion free. Let a £ A,b & B . We denote 

A = A^zQ, a = a^l, B = B®i^%, h = a®l. 

We note that Z-rk{A) = Q-rfc(i) and Zp-rk{B) = Qp-rk{B). 

The major advantage of this notation is that it will allow to consider, in 
a first step, annihilator modules as images of some idempotents in Qp[G]. If 
X is some 'Zp[G] - module, we write 

X'^ = {y € <Qp[G] :x^ = l,VxGX}, 

the annihilator module of X. The annihilator module of X will then be 

x^ = x^ nZplG]. 

Prom class field theory, one has ([22], Chapter 5, Theorem 5.1): 

(3) Gal(M/]H(]K)) ^ p - part of U'^^^ (K) /E{K). 

and the global Artin symbol extends to a covariant Qp[G'] - isomorphism 

99 : [/(i)(IC)/E^ A. 

Alternatively, we may consider ip as a, surjective Qp[G] - homomorphism 

if : UW(M.) — > A with kernel E. The Artin map is an isomorphism : 
An — > Gal(]HI„/I[C„,) which extends in the projective limit to an isomorphism 
of A - modules, ip : A ^ Gal(]HI/]Koo). 

It is known that there is a Minkowski unit S £ E ([25], lemma 5.27), i.e. 
a unit such that 

Z-rk(5^[«l) =r. 

We shall use multiplicative notation, so all actions are from the right. If 
A C QpfG] is some module, then there is an idempotent a £ Qp[G] such 
that A = (a) = aQp[G]. This follows from the proof of Maschke's Theorem 
[3], p. 116. The annihilator ideal of A is {1 — a)Qp[G] and conversely, A is 
the annihilator of (1 — a): in particular a - {1 — a) = (1 — a)a = 0. This is a 
rephrasing of Maschke's theorem, which makes explicit use of idempotents: 
{l — a)Qp[G] is a complement of A. Idempotents a G Qp[G], can be regarded 
as linear maps of the Qp - vector space Qp[G'] and as such we may define 

(4) rank(a) = dim(aQp[G]) = |G| - rank(l - a). 

We develop in the first subsection of the Appendix A the notions of sup- 
port and annihilator for non commutative group rings. This is important for 
the understanding of extensions which are not CM, and will be developed 
also in subsequent papers for a more in depth study of duality in number 
fields. 
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2.2. Completions and local units. If K is a finite or infinite number 
field, we let = K fSiQ Qp and may also write .^(K) when the global fields 
need precisation. The following is proved here for completeness. See also 
Jaulent [16] §l.a (ii) for an alternative treatment of this construction. 

Fact 1. Let K = Q[x], p, P and be like in the introduction, suppose that 
f € is a minimal polynomial of x and l : Q ^ Qp is the natural 

embedding. Then 

Kp = Qp[X]/{i{f)) 

is a galois algebra with group G = Gal{M./Q) and the embedding l extends to 
an embedding M. ^ ^ which commutes with the galois action. The image 
C is dense in the product topology. 

The proof is direct and is given in Appendix A. The group under consid- 
eration is thus the multiplicative subgroup of ideles which are trivial at all 
places except for the primes above p. By the Chinese Remainder Theorem 
we identify u G U with (ip(ti))pgp. 

For arbitrary fields K, the units U^^\'K) are the products of C/^^)(Kp) = 
{u £ U : u = 1 mod vr} for some uniformizor vr of the completion Kp. For 
K = ]K„ we simply write Un = U^^\M.n). If K/Qp is a finite local extension, 
we also write K„ = K[/Xpn+i] and 

C/; = {nG[/W(K„) : Nk^/kW = 1}. 

Then 

Lemma 1. Let K/Qp be a local finite galois extension with KnQp[;Upoo] = 
Qp[lJ,pk+i]. Then the system (?74)neN defined above is norm coherent and the 
norm is surjective at all levels, that is 

^K^/K„{U'J = K, Vm>n>0. 

Proof. This follows from class field theory: Gal(K/Qp) acts by conjugation 
on the groups Tn^m = Gal(K„/Km), which are fixed under this action. By 
class field theory, 

(5) r„,^-K;^,/NK„/K„(K;^). 

But K„/K,„ is totally ramified, so we have 

K^/Nk„/k™(K^) = f/i'VNK„/K^(C/P), 

and ([5]) implies that the norm residue group is Gal(K/Qp) - invariant, and 
it thus is a quotient of Zp. Since N([/^) = {1} by definition, it follows that 
the restriction of the norm to C/^ is indeed surjective. □ 

We now show that there are local Minkowski units and describe their 
relation to the global ones. Serre proves in [23], §1.4, Proposition 3, in the 
case when K/Qp is a local field, that the group U^^\'K) contains a cyclic 
7Lp\G\ module of finite index, which is isomorphic to 7Lp\G\. thus [/^"'^-'(K) is 
quasi - cyclic. 
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Using this result one obtains units generating 7Lp\G\ - modules of finite 
index in {/, which we call local Minkowski units for K. Let p S P be fixed 
and V G Kp be a local Minkowski unit, according to Serre. Then we define 
^ = ^{y) E U and p G C/ by: 



(6) ir^i) 



(7) trp(p) 



V for r = 1, 

1 for TGG,r /I. 

1 for T = 1, 

for tGG,t /I. 



Let Dp be the decomposition group of p and C = Dp\G be coset repre- 
sentatives. Then C acts on ^ and for a G C, the unit ^'^ satisfies: 



for r = cj, 

for r G G, r 7^ cr. 



We denote units the generators u £ U_ for [/ by local Minkowski units. The 
previous construction shows that such units exist. Since N^^^/^{En) = {1}, 
local units of norm one are interesting for the embedding En ^ Un] we 
define: 

(8) C/' = {nG[/«:N^^/Q^(n) = l} 

which is a quasi - cyclic Zp[G] submodule of U with U^^^ /U' = U'^'^^Zp) ^ 
Zp. Therefore U' = (1 — Nk/q/|G|)Qp[G], the last being a two sided module 
in Qp[G]. For any IK we have E{K.) C U' and therefore U^^^Zp) is mapped 
injectively in A by the Artin map. Let £ Uq \ U'q be a local Minkowski 
unit for Uq. From Lemma [U we conclude that there is a norm coherent 
system (Cn)n.eN;^n £ Un in which ^„ are local Minkowski units for C/^. The 
question about norm coherent systems of global Minkowski units is related 
to the capitulation of the primes above p, which makes its investigation more 
involved. We will not address it here. 

By choosing a global Minkowski unit 6 G E, one can find a local one 
^ G [/' such that 

(9) C = S, with a'^ = aeQp[G]. 



This corresponds to a map (pE ■ U!_^ ^(-^)) according to the general theory 
on isomorphy classes of idempotents in Appendix A. 



2.3. The grovi^th of A - modules. Let C„ = Q[Cpi+i]) n > be the 

p^+^-th cyclotomic extension, C„ = Gal(C„/Q). We identify Cq with its 
lift to Gal(C„/Q) which generates a group of order p — 1 and let — 
C^", the intermediate fields of the Zp - cyclotomic extension B/Q. Let 
r = Gal(B/Q) = Gal(Coo/Co) and f G F be a topological generator, acting 
by restriction on and B„. 
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We assumed that K is a galois extension of Q with group G, which contains 
the Cfc but not C^+i. Let 

]K_i = Pi L C IC 

LcK : K=Cfe-L 

be the smallest galois extension which generates K by compositum with Cfc 
and G-i = Gal(K_i/Q). Then Gal(]IC„/Q) = C„ k G-i and in particular 
G = Ck ^ G-i. If ]IC_i and Ci are linearly disjoint, the product is a direct 
one. AVe write IKj^ = IK • for n ^ k and ICqo — '^oo ' 

K, while Kj = K for 

0<j<k. 

Since C K, the group Gal(]Koo/]IC) ^ fp". Our ground field will 

k k 

be K, so we let F = and t = fP be a topological generator; r„ = 
Gal(Bn/Bfc) ^r/TP . We further assume that all the primes above p ramify 
completely in Koo/K and the Leopoldt defect is constant in K^, n > k; since 
the Leopoldt defect is bounded (see [25], Lemma 13.30), this can be achieved 
by choosing k sufficiently large. 

Like usual we let T = r - 1 and A = Zp[[T]] ^ Zp[T]. For n = k + 1 > k 
we let uJn = (T + 1)^' - 1 = Y"^' - 1 and A„ = Zp[r„] ^ A/(A^"). The 
norms Nm,n = Nk^.k^ = ^m/^n for m > n > are sometimes denoted by 
t^n,m, but we use v in connection with the group A here. The notations T, A 
are self-explained and may not be necessary. Let the cyclotomic character 
act on A by A;(t) = {q + 1)t, where q = p'^"'"^. The Iwasawa involution is 
defined by 

a -T 

(10) T = T-1^T* = - . 

Let (M„)„gN be a family of abelian p - groups, finite or infinite, which 
are closed under the action of Tn and which form a projective system under 
a family of maps fm,n '■ ~^ Mn,m > n > k, which shall mostly be the 
norms Nm^n = ^Km/K„- All the A - modules we encounter are projective 
limits M = limM„ of such systems. The structure of A - modules is well 
known (e.g. [13] §1, [25], Chapter 7). Some of the most important groups 
we shall encounter are {En)neN, {E'^)neN, units and p - units of K; possible 
projective systems on these units will be considered below. The groups 
A = {An)n£N, A' = (^^)„,gN with An, A'^ the p - parts of the class groups of 
the integers, resp. p - integers of I[C„: these form classical projective systems 
with limits A, A' . 

If X is a A - module, it is customary to write X* for the module endowed 
with action of A twisted by the Iwasawa involution, [14], §8.1. The notation 
X* will receive below a more general definition, which takes the action of G 
and embedding in X into account. We may use the short - lived notation 
X^ for the Iwasawa dual. 

Taking the action of Gn = Gal(I[C„/Q) under consideration, there is an 
involution of Zp[G„] - modules, the Leopoldt reflection involution, defined 
as follows: let a = X^o-gG '^c'^ ^ "^piGn], with G A. Then the Leopoldt 
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reflection involution is an automorphism of Zp[G„] defined by 

(11) a' = ^ a^- x(cj) • cr"S 

with X the Teichmiiller (cyclotomic) character: Cpi+i = '^(Cp^+O- 

The following lemma generalizes in its first two points an observation of 
Fukuda [11]; it gives an overview of the asymptotic growth of torsion A - 
modules: 

Proposition 1. Let the notations he like above, and k = for ease of 
notatioT^. Let M = lim be a torsion - A - module such that the maps 
fm,n are all surjective for m > n > 0. Then there is an no > such that for 
all n > riQ the following hold: 

1. If \Mn\ = \Mn+i\, then Mm = Mn for aUm> n>0. 

2. Ifp-rk{Mn) = p-rk{Mn+i) then p-rk{Mm) = p-rk{Mn) = R for all 
m > n > 0; furthermore there is a constant A(M) < R such that 
|M„_i_i| — \Mn\ = pX for all n sufficiently large. 

3. Suppose that the maps fm^n are the relative norms Nn^i^fu which are 
all surjective and let l : Mn — > M^+i be the natural embedding. Then 

(12) = i{Nn+i,n{x)), i{Mn) = pM„+i, for a all x£ Mn+i- 

Furthermore, if M is like in point 2., and R = A(M) then the map 
L is injective. 

The proof of this proposition is given in Appendix A. A typical application 
is the case when M C A is some A - submodule. The first two points are 
unsurprising, but the third gives useful additional information about the 
stationary growth of A - modules of finite rank. For such modules M, the 
Zp - torsion is a canonical finite submodule, but the infinite part is primarily 
just a factor. We shall denote A - modules of finite p - rank and Zp - torsion 
free by Weierstrass modules. Their structure is given by 

Lemma 2. Let X be a finitely generated Weierstrass module written addi- 
tively, with characteristic polynomial F and F = 11^=1 fj ^ decomposition 
in pairwise coprime distinguished polynomial. Then Xj = X^^-f^ are canonic 
submodules with 

d 

For every distinguished polynomial f\F there is a canonic f - component 
Xf = X^lf C X and if f and F/f are coprime, then Xf is a canonic direct 
term in X. 

For Weierstrass modules we have the following consequence of Proposi- 
tion [U 



'This is allowed, since we shall not make explicit use of the roots of unity in K, 
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Corollary 1. Let M C A be a Weierstrass A - suhmodule. Then for n > no 
the capitulation kernel Ker [l : Mn — > Mn+i) is trivial and 

(13) xP = L{Nn+l,n{^)), y xe Mn+L 

Furthermore, there is an integer z{x) which is independent on n and such 
that Wp(ord(x„)) = n + \ + z{x) for alln sufficiently large. As a map z : A ^ 
TL, we have z{xy) < ma,x{z{x), z{y)) and if c = m.ax{vp{o'i:d{xo)) — {k' + 1) : 
xq E A(]K)}, with k' such that IK n C^.'+i = Ck', then z(A) E Z<c. Finally, 
the map z : A ^ A can be defined by 



(14) z{x) 




ifxeA° 

, Up(ord(xrt)) — (n + 1) otherwise. 



The next lemma shows that pure fx - modules have no capitulation. The 
proofs of the Lemma [21 Corollary [T] and Lemma [3] are in the Appendix A. 

Lemma 3. Let a C A° be such that Aa C A is a A - module of unbounded p 
- rank. Then for sufficiently large n the capitulation kernel Ker {in^n+i) = 
{1} and 

Vp{\Aan\) = fJ'P'^ - V, u>Q. 

We are now in position to choose our base field K such as to avoid some 
unpleasant phenomena at finite levels: 

Fact 2. Let K 6e a galois extension ofQ containing the p-th roots of unity 
and K„ = K • ]B„. Then there is an index uq such that for all n > uq the 
following facts are true: 

1. The Leopoldt defect T>(Kn) is constant, all the primes above p ramify 
completely and the norm An — > Ang is surjective. 

2. The p - ranks of all submodules B G A of finite rank are stable: 
p-rk{Bn) =p-rk{Bn,o)- Furthermore, there is a constant fi such that 

\Al\ = \A°J.{p'^(p''-P'''\ 

and the constant p"" annihilates A° . 

3. The capitulation kernels ker(i?„ -Bn+i) are trivial for all Weier- 
strass submodules B C A and for all cyclic A - modules of unbounded 
p - rank. 

4. The function z{x) in CoroUaryUl is bounded by uq and 

{Nn+i,n{x)) for all x E A„+i. 

Furthermore, for x = {xn)neN G A and n such that Xn ^ 1, the value 
z{xn) = Vp{ord{xn)) — (n + 1) = z{x) is constant. 

This follows from the Corollary and Proposition above. Since A is a 
finitely generated A - module, one may choose a minimal set of generators 
Ui] for each module Aai there is a value rrii for which the conditions above 
are fulfilled; set uq to be larger or equal to the maximal value for all i. 
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Definition 3 ( The ground field K ). We let k be equal to the least of all 
no in Fact\M Furthermore, we assume from now on that our base field K is 
and thus enjoys all the properties 1.-4- above; henceforth k replaces the 
provisorious value k used since the introduction. 

We define additionally An = {x £ A^ : z{an) < 0} and A = {x £ A : 
z{a) < 0}; since z{an) = z{a) for all n in the present definition of it 
follows that {A)n = An for all n. 

The following lemma describes two important shift maps derived from the 
bomid z{A) < k. 

Lemma 4. Let c; : A ^ A : a ^ a^" and the restrictions An — > An : an ^ 
Un be also denoted by Then ? annihilates A° and ?(j4„) C j4„. 

For d > we let A(^) be the set of sequences a = (an)neN with an € An 
and such that a(^) := {am)m.>d is norm coherent and there is a b £ A such 
that a(^(i) = b(^d)i elements {an)n<d = 1- Then ^(^) is a A - module and 
for d := 2k, there is a map : A ^ yl(^) such that 



A3 a = {an)n&n ^ b = {bm)m&, 




if m < 2k, 
[am-n) otherwise. 



The kernels are Ker (lk) = A and Ker (<;) = A° . Furthermore, ^{A) is a 
Weierstrass module and LKiA) has no finite Zp - torsion. 

Proof. The map ? annihilates A° since p'^ is by definition an exponent 
thereof. It is a straight forward verification that A^'^^ is a A - module and ijc 
is an homomorphism of A - modules. By choice of k, all ideals in classes of 
A^ capitulate in An+K, so -A C Ker (^k)- On the other hand if a £ A° \A, 
then Aa has unbounded p - rank and by Lemma [3] and the choice of k, the 
map Ln,n+K is injective on Aa, so a Ker {lk)- Since p'^ annihilates the Zp 
- torsion, Ker ((^) = A° and ?(j4) is Zp - torsion free, so it is a Weierstrass 
module. The fact that imiA) has no finite Zp - torsion follows from Lemma 
[3] and point 1. of Proposition [TJ □ 

It will make sense to extend the map ? also on local and global units, so 
for arbitrary abelian p - groups X we let 

<^ : X I— > , \/x £ X. 

2.4. Radicals and pairings. Let IL 1} ^^oo some infinite abelian exten- 
sion and L„ C ]K„ be the maximal Kummer subextension of degree p""*"^ 
contained in L. The radical rad(L„/]K„) is often considered as a group 
C rad(L„,/]K„) C {K^)p"^\ such that L„ = ]K„[rad(L„/K„)i/p"+']. The 
injectivity condition L„ C L„+i translates into 

rad{Ln/Knf C rad(L„,+i/I[C„+i). 

The relevance of the notion of subexponent for such extensions is given by: 
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Lemma 5. Let X = G'a/(L/]Koo) be a torsion A - module of p - rank r 
and free as a Zp - module. Suppose that Bn C are groups such that 

L„ := I[C„[i?„ ] C L„ and L^^^^^ D L„ /or all sufficiently large n. If 
for all such n, the p-rk[Bn) = r and the subexponents of Bn diverge, then 

Proof. The injective limit L' = exists, from the hypothesis. Since the 

subexponents diverge, we have Zp-rk(Gal(L'/]Koo)) = lim p-rk ( Gal (L^ /IK„ ) ) = 
r. Therefore Gal(LYl[Coo) C Gal(L/lCoo) is a Zp - free submodule of the same 
rank. It follows that L = L'. □ 



The radicals rad(L„,/]K„) are endowed with an obvious structure of injec- 
tive systems. Can a projective system be loaded upon these radicals, maybe 
using some modified definition ? The answer is affirmative for a wide range 
of cases, but the notion of radical introduced above is not adapted for such 
a structure. We may use the alternative definition 

(15) RAD(L„/]K„) = (rad(L„/]K„)i/^'"^' ) / K^, 

where ]IC^(rad(L„/]K„)-^/P"^^) C L„ is the multiplicative group spanned by 
(rad(Ln/]K„))^/p"'''^ over K^; this definition is frequently used, for instance 
in cogalois theory, e.g. Albu's monograph [1] and the specialized paper [2]. 
The injectivity condition is now RAD(L.„/]K„) C RAD(L.„+i/]K„_|_i) and if 
Gal(L„/]K„) is a A - module, so are both radicals defined above. A third ver- 
sion of radicals, which we shall not explicitly use is rad((L„/]K„)/(]K^)^"^ ). 
All three definitions describe the same extension^ the first rad(IL^/]K7^) is 
useful as a subgroup of K^. But it is large; the last one is the 'active part' 
of it, it has the advantage of being isomorphic to Gal(L„/]K„) as a group 
(but only via twisted action as a A - module), but it is a factor. The radical 
RAD(L„/]IC„) is isomorphic to Gal(L„/]IC„) and is not a factor; furthermore 
it has the advantage of yielding projective systems. 

We let now L'/L be an extension in the tower C L C L' C fi, such 
that both L and L' are galois over IC and Gal(L'/L) is torsion A - module 
of finite p - rank and Zp - torsion - free. The radicals RAD(L^/L„) have 
the nice property of being endowed with a structure of projective systems, 
as stated in the next proposition. The proof will be given in the Appendix 
A, since the result is not used in the proof of Theorem [H 

Proposition 2. Let L'/L be an extension in the tower Kqo C L C L' C 0, 
such that both L and L' are galois overM. and Gal{h' /h) is a torsion A - mod- 
ule. Then the radicals RAD{L,'^/L,n) form a projective system with respect to 
the relative norms. The projective limit is RAD{h' /L,) = lim i?^Z)(L^/L„). 
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For L, L' like in the proposition and m > n > uq have the compatible 
systems of Kummer pairings: 

Gal(L;„/L^) X RAD(L^„/L^) ^ ^p^+i 

(16) i i i 
Gal(L;/L„) X RAD(L;/L„) ^ /ip^+i, 

in which the arrows are induced by the norms Nm,n- Let T{^) = lim/Xpn+i 
be the Tate module for the group ^ of all the p"-th roots of unity (jl4j. 
§10). The projective limits in ^ are then Gal(L7L), RAD(L7L), r(/i), 
respectively. In view of RAD(L„/K„) = K^ {i&d{Ln/KnY''P"^') / K^, for 
Kummer extensions Ln/Kn of exponent p""*"^, we may consider the limit 
RAD(L/E:) as a Tate module for the quotients rad(L„/E:„)/(K^)P"^\ This 
is done by Iwasawa in [13] §9.3, for the case when Kn D ^E,n, a case we 
shall discuss below. 

Independently of the understing of RAD(L'/L) as a Tate module, there is 
thus a projective - projective Kummer pairing at infinity, given by the projec- 
tive limit of this diagram. We shall denote this pairing, in analogy with the 
Iwasawa skew symmetric pairing also by [ , ] : Gal(L7L) x RAD(L7L) ^ 
T(/i). The pairing [ , ] enjoys all the properties of the Kummer pairings at 
finite levels: 

Theorem 2. The pairing [,] : Gal{h' /h) x RAD{h'/h) T{fi) defined 
above is bilinear, non degenerate and for all {a, b) G Gal(L' /L,) x RAD(L' /L,) 
and g G G'a/(lCoo/Q) we have 

(17) = K,65]. 



Proof. The proof follows from Proposition [2] and the compatibility in (|16p . 
The fact that the properties of Kummer pairing are conserved in the pro- 
jective limit can be verified for the three types of galois groups Gal(L7lL) 
considered in the proof of Proposition [2] below. □ 

2.5. Reflection and duality. We may define A[G] as the Zp - group ring 
of r X Go and 



m 



'^Og K g,ag £ A 
g&G 



Although A and G interact in general, the development of x above is unique: 
\i W = Yy^^iT^'^Qi with Cj > and gi G Ga^K/C^, then the word has a 
unique reduction to a product Wi = r'^g: indeed, there is an fyj such that 



^The existence of no is given in the proof of the Proposition. It is hkely that in the range 
of fields considered, the value of no is uniformly bounded by k or some larger value, but we 
do not investigate this fact here. The obstruction is the free A - module in Gal(f2B/Koo); 
but one may always restrict to considering at most a finite family of A-torsion modules at 
a time, for which no exists 

^The pairings are related but not identical and the relation will investigated in depth 
further on 
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T-'™g^_i = Qw^iT^"" , since Goo = r K Gq, with Go = Gal(]IC/C«;). Replacing 
Qw-i by gw-i ■ g^n and e„_i by e^_i + we obtain = W'^^^r'^'gi a 
word of smaller length. The claim follows by induction on w. For a G A 
and g £ Gq, we have 

(05)' = a* • 

Furthermore, the word reduction above is compatible with the Leopoldt 
involution, which makes it into an automorphism of A[G]. However, A[G] 
is in general not a group ring, since ag 7^ ga for all pairs {a,g). It is one, 
if and B are linearly disjoint. The reflection automorphism of A[G] is 
defined by: 

(18) ^ ag tK g ^ ^ a^xig) X g~^ , E A. 

g&G gdG 

We extend the definition of X' to A[G] - modules as follows 

Definition 4 (Duals). Let X he an abelian p - group which is a compact T 
- module on which G acts, making it into a A[G] - module. We define the 
dual module X by 

TxX X : {'y,x) J o X = xi7)l~^x, 

Go X X X : {g,x) ^ g o X = x{g)g~^x. 

The module A[G] acts on X via Leopoldt's involution on X. Let Y C X 
be a submodule and suppose that there is a pseudo-isomorphic embedding 
Y* C X. IfY such that y ~ y* = y n X, then Y' is the embedded dual 
o/y in X. Not all submodules have embedded duals. 

We say that X is self - dual, if there is and embedded dual X* C X such 
that: 

X* CX and X* n AT - X ~ ~ 1. 

The product of all submodules Y C X which have an embedded dual y* C A" 
is the self - dual part of X, a canonic submodule, up to pseudo-isomorphisms. 

The following example explains the difference between duals, Iwasawa 
duals and embedded duals. 

Example 1. Let <i{A) have characteristic polynomial F and f\F be a distin- 
guished polynomial. Since <i{A) is a Weierstrass module, there is a canonic 
maximal submodule C <i{A) annihilated by f ; however, already its Iwa- 
sawa dual denoted above by A^j is only embedded in <^{A) iff f*\F. The fact 

that the same holds for the Leopoldt dual Af is a consequence of Theorem 
0, which will be stated explicitly below. 

The p-th cyclotomic field K = Cq yields a concrete case. Let e^^k = 
0, 1, . . . ,p — 2 denote like usual the orthogonal idempotents o/Zp[GaZ(Co/Q)] 
(\2,f>\. ^6.3) and suppose that a £ SkA with k odd is a class with f E '^p[T] the 
characteristic polynomial of Aa. Then the Iwasawa dual (Aa)^ is annihilated 
by (sfc,/*); o-nd it is embedded iff f* divides the characteristic polynomial of 
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£kA. The Leopoldt dual is more natural in the sense that Ad is annihilated 
by ((1 — £p-k), /*), thus duality acts also on the group of th base field. Such 
modules only arise, if the Greenberg Conjecture is false. The Conjecture for 
this simple field is in fact equivalent to the fact that the self - dual part of A 
is trivial. 

Finally, ifAa is aZp - torsion module of infinite p - rank, then it is pseudo 
- isomorphic to its Iwasawa dual, but this does not imply the existence of an 
embedded Leopoldt dual. 

The main property of reflection is the following: let L'/L/K be a Kum- 
mer extension of K € : n G N U {oo}}, such that L,L' are galois over 
Q, so Gal(L'/L) is a A[G] - module which has exponent if K = ]IC„. 

If K = SCoo, then we assume that Gal(L'/L) is a A - torsion module. For 
arbitrary b £ RAD(L71L), a G Gal(L7lL) and a G A[G] we have: 



(19)(cj,6°) = (cj" ,6), ifK = ]IC„and [a, 6"] 



a 



otherwise. 



This is easily verified at finite levels, from the properties of the Kummer 
pairing. For g £ G we have {a^,y) = {{a^^u))^ ^(9). j^y definition of 
the cyclotomic character, g~^x{9) &cts like identity on the roots of unity 
and the galois equivariance of the Kummer pairing yields {{a^,u)Y ^^^'^ = 

^(a^^ ^ while the bilinearity of the Kummer pairing implies (a^ , z/) 

(a, u^'), with g' = g~^x{9)- It is an important property of extensions L/Kqo 
which are galois over K, that their multiplicative groups are large self - dual 
A[G] - modules. In particular, the Leopoldt duals of radicals are always 
embedded, so at infinity we have 

(20) RAD(L7L)' = Gal(L7L). 

This follows from Theorem [2] by taking projective limits in (I19p . Neverthe- 
less, by acting with the Leopoldt involution on this identity, we obtain in 
general only RAD(L7lL) = Gal(L7lL), since the galois group may not have 
an embedded dual, even relative to Gal(r2/L). 

The properties of the Kummer pairing at infinity and reflection will be- 
come fruitful in the next section, where we prove isomorphisms between 
subgroups of A and the Kummer radicals of extensions L/O^;. 

A module X is a A [G] - module iff it is a Zp - module closed under the 
action of F ix Gq. We are mainly interested here in T and T* ; the associated 
A[G] - modules will be particularly simple. We investigate at the end some 
properties of these particular modules. 

If y is a A[G] - module fixed by T, then it is isomorphic to a '^p[G] module 
on which r acts trivially; if Y is fixed by T* , it is still isomorphic to a 'Lp\G\ 
- module, but r acts via the cyclotomic character, according to (jlOp . while 
G acts via G', namely (ff, y) G G x y x{9)g~^y- I^i particular, the dual 
of A[G]^, the submodule fixed by T, is always embedded and 

A[Gf^Zp[G], iA[Gf)'^Zp[G']. 
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If Y is cyclic as a module and Y is embedded in a larger cyclic A[G] - 

module X, then there is an embedding Y ■ Y ^ X with image Xq, a cyclic 
I'plG] - module. The following Lemma gives details about generators in the 
case of such cyclic A[G] - modules. 

Lemma 6. Let Koo C L C L' C J7 6e a tower with L,L' galois over K 
and X = Gal{h' fL) be a cyclic A[G] - module with X^ = {!}. Then 
RAD{]L'/]Lf* = {1} and RAD{V /h)' ^ Gal{h' /h) is a Zp[G'] - module 
on which t acts by the cyclotomic character. 

If X is any cyclic A[G] - module annihilated by T and x ^ X a generator, 
then there is a subset Gx C G such that {x^ : g E Gx} is a base for X as 
a "LplG] - module. Moreover, support and annihilator of X and X are dual 
to each other: 

{x^y = {xY, {x^r = (x'V. 

The proof is given in Appendix A. The following application is important 
for fields which are not CM. We shall show in ([4]) that 

Zp-rk(Gal(JlsnM/]Koo)) = ra and 

rad(Qi5nM/Koo) = U^^^+.E^^ ■ E^" ■ 

Consider now the group V" := Gal(r2£;nM/]Koo) as a Zp[G] - module. Then 
we may define its canonic supports and annihilators by Definition [HI They 
induce a decomposition Qp[G] = Qp[GY+ e Qp[G]^~ with Qp[G]^^ = {V~)^ 
and Qp[G]'^ = (l/")-*-. We let a'^~^,a'^~ G Qp[G] be the respective canonic 
idempotents. From the above, we see that 

(21) {QpiGT^V = {Qp[Gr+)' = Qp[Gr-, and 

(22) rnGT^)^ = {Qp[Gr-r = {Qp[Gr-y. 

Furthermore, we have the fundamental property that 

(23) \El~\<oo, Vn>0. 

Moreover, is X is an arbitrary quasi - cyclic Zp[G] - module, then there 
is a decomposition in components induced by a^^ and a'^~: 

(24) X = X^+©X^-. 
We prove the above statements in: 

Corollary 2. There is a canonic decomposition of Qp[G] in isomorphy 
classes R^~^,R'^~ of submodules of Qp - rank r2, such that R^~ = [R^~^)' 
andQ_p[G] = R^^ (B R^~ ■ This induces a canonic decomposition of arbitrary 
quasi - cyclic '^p[G] - modules X according to ^24\ ). The module X = En, is 
essentially equal to its e+-component, according to i23\) . 
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3. Classes as radicals and first applications 

In this section we consider the Kummer radicals of extensions L'/L in 
which L G {Qe,^e'} and show their relations to the class group A. We 
investigate Kummer pairings and radicals of various relative extensions be- 
tween ICoo and $7. For this we shall keep the fundamental tower 

(25) KoocTIecTIe' cTicn 

in sight, together with the intersections of EI and H with the fields of tower. 
This gives also valuable insights on the structure of A - submodules of A 
and A' . If F C is any extension, it decomposes with respect to the tower 
into 

Koo c F n c F n c F n n c F. 

We may also write F^; = F n TIe,¥e' = F n TIe',¥ = ¥ nl},¥ = ¥. The 
extension F/Fg will be, with a slight abuse of language, equal to F -Qe/^e] 
the groups are most of the times isomorphic; likewise for F/F^;/ and F/F. We 
shall discuss whether this rule applies or there are deviations, in particular 
for every new type of fields F which we encounter. 

Let n > k; we define the intermediate levels of (j25p as follows: ^E',n is 
the largest subextension of exponent with 

^Gal(n^,/Koo)"" 
^!'E',n C ii^;/ 

Thus nE',n/^ 

„ is a Kummer extension of maximal exponent, while the 
extension ^'^f^^E'/^^^) -g ^j^finite. The fields ^}n,^n are defined similarly, 
with respect to and $7: if = 0, then Q„ = 

Although we restrict our attention in this paper mainly to the barred 
fields, in this Chapter we derive some facts on the structure of A which de- 
serve a treatment in full generality. In particular, most of the general results 
are not directly necessary for the proof of Leopoldt's Conjecture. Since at 
this point the distinction between T, T* - parts and other A - modules is 
somewhat artificial, we choose to treat the general case in the text rather 
than in an Appendix: most phenomena are identical with the case of the 
T and T* - parts. For F like above, we let also F„ C F^^'^'^/'^"")"" be the 
largest subextension with group of exponent p^^^. At finite levels, the tower 
(j25p and the related filtration of F^ are thus 

(26) Kn C ^E,n C flE',n C il„ C Cln, 
Kn C Fi=;,„ C F£;,,„ C F C F = F, 

together with the respective intersections with ]HI„ and ]HI„,, which are also 
defined as the maximal Kummer extensions contained in the Hilbert class 
field of Kn, respectively its intersection with H. 
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3.1. The symbols nE,n[a^^P°°],^E[A'^^'''°°] and their radicals. If L = 
then the radicals rad(L^/L„) are defined up to units and it will be 
possible to relate them to subgroups of An- Consider a norm coherent 

sequence a = (a„)neN G A. The notations QE[cLn^ ] and r2£;[yl^/*'°°] are 
meaningful, but require certain precision. We define them in full detail, in 
the way that we shall use them, below. In conformity with Definition [3l we 
let 

(27) A:={a£A: z{a) < 0} D A^^ = <;{A), 

Then ^ is a subgroup0 and even a A - module. Assume first that ord(an) < 
pTi+i £qj, n and let S € and /3 £ with {(5) = *B^"^^, a principal 
ideal. The Kummer extension L = ri_E.n[/3^''^"^ ] is uniquely determined by 
a„ and we shall denote it by 0£;^„[a^/^"^^]. Indeed, let *B' = (a;)*B G an be 
an ideal from the same class (which needs not differ from *B) and {(3') = 
(QS'f = (xP"^') • {13); then there is a unit e with /?' = e/3a;P"^' and 

1 Iv^^^ 

The field L = Or n[(2n ] is thus well defined for z{a) < 0. In this case, we 
note that for any G An which generates the same cyclic subgroup in An we 
also have L = ^E,n[cn ]• The converse holds too, by Kummer theory, so 
it might be more accurate then to write ^E,n\{'^pO-nY^^'^^^]- We keep though 
notation simple along the usual lines and observe that Q.E^niO'n ] is well 
defined for all a„ G An- Since j4 is a A-module, the notation Q,E,n\Bn ] 
is also defined for all subgroups or submodules B d A. Let now a G A\A°; 

1 Ix)^'^^ 

we show that IL^ := [an ] form an injective system. This follows 
from ()12p and the injectivity of i in Proposition [TJ 



L„+i D ^E,n+l (c^n+l)^^^ — f^£;,n+l[i(an)^^^ ] = ^E,n+l ' Lji- 

Consequently there is a field L = UJ^qL.„ C 0, which we shall denote by 
TIeW^"']. 

The next lemma shows that A is inoffensive in our context: 
Lemma 7. 

Proof. Let a = (a„)„gN G and L„ = VLE,n[an ]■ For any QS^ G G A^ 
and (/3„) = 03^ , by point 3. of Proposition [1] and the choice of k, the 
ideal • 0{Kn+K) = (on+K) is principal. Therefore /3„ = • e for some 
g > p and a unit e G En+M, so 

This holds for all a„, so the claim follows. □ 



^This should not be mistaken for Iwasawa's notation X = X' 
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Remark 1. Since VlE\An ] = ^E[f'K{^ = , the extensions Q.E,n[An 
are volatile in a particular way: they arise at level n and vanish before level 
n + k; nevertheless, at each finite level there is one such extension of con- 
stant size. Therefore the p - rank of the galois groups Gal{^n/^E,n) finite 
levels are larger than the Zp - rank of Gal{Q/^lE)- 

We also observe that the extensions flE[a^^^°°] and i}E,n[0'n^ ] o-re well 
defined for all a = (a„)„gN S A'^'^'^^, also when Aa has infinite p - rank. 

The p - ramified extensions which are at the center of our attention, are 
characterized by the fohowing common fact from Kummer theory: 

Fact 3. Let L = U^^^L^ with L„/]ICn Kummer extensions of exponent divid- 
ing and 'Ln+i ^ L„,. //L/Koo is p - ramified, then there are Kummer 
radicals Bn G with (K^)^"^^ C Bn, such that 

1. L„=]K„[sy^"]. 

2. For each a„ G Bn there is an ideal !B C 0(K.„) and an ideal p which 
is divisible only by primes above p, such that (a) = p • QS^ . In 
particular, a„ may be a unit. 

3. //L C M, then a^* £ 

Proof. Point 1 is a consequence of L„ being Kummer extensions. Since L„ 
is p - ramified, we deduce point 2. Finahy, if L C M, it is by definition 
abehan over K. Therefore, if a G Gal(Lrn/^m) is a generator, then = 1 
and Kummer pairing yields 

(a, a^) = {a^ , a) = 1, 

which confirms point 3, the Kummer pairing being non - degenerate. □ 

In view of FactO almost every cyclic extension L,/QE,m^ C Cln arises in 

^E,n[An ]■ The almost is related to the fact that in general An $^ An, 
the difference arises from the sequences a £ A with < z{a) < k, but the 
good news is that z{a) is uniformly bounded. We needed An in the definition 

of An in order to have compatible group structures. However, if a — 
(an)nGN G A has z(a) > 0, it also gives raise to extensions in Qn defined 
in a similar way to the ones above. Let !B G On] then vgp""''^^^*"^ = 
a principal ideal and z{a) is the least positive integer for which this holds. 
Arguing like before, we see that L = 

is an extension that 

does not depend on /? or 55 but only on the class a„. One might write it 

pTi+l + 2{a) 

as 'f^£;,n[on ^ ]'; it is a radical extension related to the group An', the 

canonic definition above corresponds to 'r2£; „[a^ ]' and only applies when 
z{a) < 0. It is useful to keep this ugly notation for a short time, in order to 
clarify the point where we need - and develop - a canonic work around for 
the case when z{a) / — oo. 
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The next lemma shows that all cychc extensions of E,n arise from roots 
of An. 

Lemma 8. Let n > k and L C be a cyclic extension of ^E,n- Then 

^„ + l + z(a) 
n+l 

there is a class an G An such that L = QE,n[0'n ^ ]■ 

Proof. Let L = Oij,n[/3^/P"'^'] for some (3 E n- Then it follows from Fact 
«BP°"'^*' j • vr with vr G and < m < n + 1; if a„ = [55] 

n-\-l-\-z{an)-\-m 



n + l 

is the class of 53, it follows that IL = [On ^ ]. □ 

We have thus a one - to - one map between the ^KT){Q.n/^E,n) and frac- 
tional powers of An. As a map v : An HAD{^}n/^E,n) it is however not 
a group homomorphism, since, for m = in the above proof, we may have 

v{an) = an and = bn ''^ , but v{anbn) = (anbn) , 

and since z is not a morphism, neither can v be. We have thus a canonic 
homomorphism from a subgroup of An to a subgroup of the radical of 
and a map to the full radical, which is not a homomorphism. 

The work around is based on the uniform bound on z{a) and uses the fact 

, , \ i/p"+i 



that C An, and thus a = {^{a^ Y j 'ugly' notation, 

corresponds to the canonical root ^(a„)^/P"^^. Prom Lemma [S] we have 

where 5*^ is the K-th socle in Definition [TJ we have an exact sequence 

1 ^ <;{An) ^ ^kB{Vtn/^E,n) ^ ^ ^ 1, 

where Cn is a group of exponent bounded by p^. At infinity, we obtain 

n = u„o„ = u„]K„+«-o„ = ]fCoo-uA = u„]Koo[iy^"^'] 

We have the following back - doors to the canonic radicals: <j annihi- 
lates the full Zp - torsion, which may be more than we wish, but iK only 
annihilates thus the volatile part of ^n/^E,n. We have 

G&\{^n/^n) = Gal(l]„K]/17„) 

(29) ^ Gsl{TiE,n+n[iK{Anf'''"^^^']/TLE,n+.), 

Gal((7„/0s,„) ^ Gal(ns,„+«[6K(A„)i/P"+''+Vf^i?,n+K). 

Finally, since ^(^)n C An while tK(^n) C An+K and the radical A-^/^"^^ is 
canonical for all n, we obtain the following consistent definition of radicals 
of class groups: 
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Definition 5 ( Class - group Radicals). Notations being like above, the 
symbols ^^£;,n[s^(an)^^^" ] and ^^E,n+K['-K(^n)^^^" ] tf^e well defined for 
all On G An and 

RAD{njnE,nr^ c c RADinjnE,n), 

RAD{{nn-Kn+.)/'nE,n+.) = iKiA^)'/'^"^"^" c Al/C^\ 

Furthermore, ^^^[^(A)!/^"] = U„0i5,„[?(A„)i/P"+'] and 

are well defined notations too, and 
(30) n = nij[?(A)i/P°°], Q = TlE[iK{Ay/''^]. 

Herewith, we define the Class group radicals by 
C-RAD{Vl/TIe) = iK{Af'P°°, C-RADISI/TLe) = ?(A)i/p°°, 

C-RAD{tln/^E',n) = ^k(A„_«)1/p"+\ C-RAD{Sln-jTtE,n-.) = <.{AnY'^"' 

We also have (in = 0„[iK(^n-«)^/*'1 for all n > 2k and = TI[i.^{AYIp'"]. 
By the choice of indeces, we see that all the class field radicals C-RAD(LYL) 
are canonically isomorphic, at finite and infinite levels with the plain radicals 
RAD(L'/L) in all the situations covered by the definition. This yields a solid 
interpretation to the notation F[A"'^/^°°] used by Lang in [22] §6.2, at least 
for the case then L' D ^E,n or L' D fig. The notation ]Koo[A"'^''^°°] must 

be understood as an arbitrary choice of G IK„ such that (/3„) = *B?^ , 
with (3n like above: this is in general not a canonic choice, but there are 
exceptions. For instance, if K is CM and we restrict to the minus part Jl", 
i.e. the fixed field of 3"'^, then, for odd p, the radicals (A~)^/p°° are well 
defined over Kqo- 

The radicals (,{A) are Zp - torsion destructive, while iK{A) conserves the 
- part. According to the interest or disinterest for the /x - part, one may 
choose one or the other, both being canonic. By the above, they are not 
distinct kinds of radicals, they are distinguished by the choice between i7„ 
and Cin, resp. Q or as upper field. 

3.2. Embedding adjoints. Let B C A be the projective limits of ideal 
classes a„ G An containing products of ramified primes above p, following 
Greenberg's notation [12] and D = A/{A^ ■ B). Then the simplest result in 
our direction is 

The inclusion ^e' 5 ^£;,n[B^/^°°] is clear. The other direction follows from 
the definition of the p- units E' . We may thus proceed with the investigation 
of extensions over O^'^n ~ but will encounter Qe'/^e once again, when 
discussing unramified extensions. 
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Since the p - units are powers in i^E',n, it follows that 

(31) o„ = Os,„[,K)Vp"+^], n = nMA')'/n- 

We shall fix a A - module C A' which is a complement of the Zp - 
torsion: A' = A'^<B{A'y. Let F{T) e Zp[T] be the characteristic polynomial 
of A - which is also the one of A^ and f\F be a distinguished polynomial. 
Since ?(j4') is a Weierstrass module, by Lemma [2] there is a canonic sub- 
module ?(^')/ C ?(^') with <^(^')/ - (^7(^0-'^)^" • This shows a relation 
to the double adjoint of A'/{A)f); adjoints were introduced by Iwasawa in 
|13j in relation to Kummer pairing. Later, in [H] §1.3, he follows Tate and 
the definition is free of concern for an explicite embedding of the adjoint 
a{X),X C A in A. We do not need adjoints here, but are interested in the 
observation that the main property of a{X) ~ X', namely that of being a 
canonical module free of finite Zp - torsion, is close to our Indeed, if 

X C A has finite p - rank, we see that 

^(X) ^ (a o a{X)y^{X) ^ {a{a{xW ^ a{a{X)). 

For arbitrary X, we have /-k(X) = a{a{X)). 

Restricted to RAD{Q/TiE'), it follows that ?(^')/ - a{a{A /{Ay)), so 
we may regard ^{A')f as an explicite embedding of a{a{A /{A)-^)) in A. 
Furthermore, for any choice of A^^ , there is a unique Weierstrass submodule 
Af C A"!" such that <^{Af) = that is, a p^-th root of <^{A)f in 

A^: there is no such canonic root, but the possible choices are all reduced 
to the one choice of A^ . We may write with a slight abuse of language 

TiE'm')yn = nE'[{A'f)yn- 

We now construct subfields of 0, and with group fixed by /. Since 
Un(mi +p"Zp)) = fy and U„ = 

the subgroups fy C 3^ and fS) C S) are compact and there are fixed fields 

rij := iT^^ and '■= , which are the maximal subfields of $7 with galois 
groups over ICoo, resp. H, annihilated by /. 

Definition 6 ( The fields Qf,i}f and the modules Af,<^{Af) ). Let F £ 
'^p[T] be the characteristic polynomial of A and f\F. The fields are 
defined by 

, and '■= ■ 

The intermediate fields ^Injt^nj o,'^^ the maximal Kummer extensions of 
exponent p^^^ over'Kn, respectively Mn, which are included in ^In, resp. (ij. 

For f{T) 7^ T, we define ?(^)/ = {x G ?(^) : = 1} and we have in 
fact <^{A)f C <i{A); furthermore Af C A'^ is the unique submodule in the 
fixed Weierstrass module A^ , such that ?(^/) = ?(^)/- In this case we have 
c;{A)f = ,{AXA'=Af. 
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For f{T) = T we let ^(A')t = {x G <;{A') : = 1} and ?(^)t = 
<j(B) • q{A')T- The modules At, A'j, are defined by intersection with A^ n A' 
and A^ , like before. 

The galois groups are 

Ga/(Oj/Koo) = yf Gal{nf/K^) = Sjf, 

We have 17^ = M; the further fields of interest in this paper are Jly* and 
Qt* together with the modules A'rp,AT*, resp. <;"(^')t, ?(^)t* ■ 

3.3. The principal self-dual module of Iwasawa theory. We come to 
consider the intersections of HI with Qf. By definition, the group Gal(]HI/]Koo) — 
A/A° = <i{A) is a Weierstrass module, and the Artin map induces an iso- 
morphism If : <^{A) Galp/Koo). For f\F as above we let Wf = WnQf 
and ]HI^ = Hnr2£; = ]HInr2£''; the last equality is a consequence of the fact 
that Qe'/^e is totally ramified. Let Ae C <i{A) be the group such that 
(P{Ae) fixes H^; in H. Note that the Artin map ip only determines a non 
canonic counterpart A^^ C A^, which explains the use of (p. 

Let a,b € ?(^); ramified and unramified extension have the following 
product rule: if ^^[ai/P"] andTl[b^/P°"] are unramified, then so is i7£;[(a6) ]. 
If only one is ramified and one is unramified, then 0£;[(a6)^/^°°] is ramified. 
If both are ramified, nothing can yet be said about r2£;[(a5)^/P°°]. There is 
a maximal unramified subextension n/il.E, and we denote by Anr C <i{A) 
its class - radical: the maximal submodule such that ^Ei-^nr ] is totally 
unramified. Since RAD((r2E n EI)/]Koo) is a A - cyclic Weierstrass module 
by definition oiVtE and H, it follows that 

^{A)/<i{AE) ^ Gal((ni5 n M)/]Koo) 

is also a A - cyclic Weierstrass module. We let A^ C (,{A) be a radical 
for ^/VLe ■ H. Then A^ = <;{A)/Anr, yet the choice of Ar is in general not 
canonic; but see also the proof of Theorem [3j It is not difficult to verify that 
the notation ElE[74nr ] is well defined and the field diagram 

(32) Qe nE[AUr] 



■IIe[A. 



l/p° 

nr 



commutes. Indeed, let a = {an)neN S ^nr- At finite levels, if 0,E,n[c(n ] = 

^E,n[Pn ] with {an) = (Pn) = 55^ and [*B] S a„, then the extension is 

unramified and we find that ]K„,[a„//3„] C IHI^;^^, which shows that BlE[^nr ] 
is well defined. By definition of ^4^; we have 

^(Ae) = GaliQnr /TIe) = Gal{TlE[Al/P°°]/TlE) ^ A^r, 
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the last isomorphism being by pop . Since the Artin map is covariant, it 
fohows by comparing the first and last terms above that Anr and Ae have 
embedded duals in A, which are dual to each other: ^4*^ = Ae and A'^ = 
Anr- Using Iwasawa's skew symmetric pairing we have the stronger result: 

Theorem 3. Notation being like above, 

1. The groups Ae = Anr, being thus self - dual; Gal{Vtnr/^E) — Ae is 
a self - dual group, isomorphic to Anr- 

2. For f\F and ^{A')f defined in Definition\^ we have 

TiE'-Mf = TIe'M^) r n Anr)'/"^], 
TiE'-nf = {m-TiE')MA')f, n 

3. The ramified extension ^/[Ue • H) is related to Me by: 

Gal{Tl/{TlE' -M))' = Gal{WE/Koo) = ^{A)/Ae = Ar- 

4. Let Fe = Xa/Ae S ^6 characteristic polynomial; if f is 
a Weierstrass polynomial such that f\FE and {f,F/f) = 1, then 
^E'i'^i'^)/ ]/^E' is totally ramified. 

5. In particular, O^;/ [<;(A)^, ]/^e' and ilE'['^{A')q( ]/^E' are totally 
ramified. 

We review in Appendix B the Iwasawa skew symmetric pairing and give 
a proof of the theorem by using this pairing. 

3.4. Complex conjugation, explicite radicals and estimation of ranks. 

If K is a CM field and j C Gal(IKoo/Q) is the complex conjugation, then for 
any A - module X there is a canonic splitting 

x = x+ e x~ = © 

and the denominator Ccin be omittGcl for p ^ 2. Accordingly, if IL/]Kqc is ci 
CM extension, then L+ = j^G^K'^/K^r ^j^- ^ i^G^i{h/K^)+ _ important 
property of complex conjugation is 

Fact 4. //K is CM, then the capitulation kernels Ker {A~ — > A~) = {1} 
for all n. 

We gather some technical results on explicite radicals. The core question 
is the following: let f\F and ^nj C n„ be the maximal Kummer extensions 
of ICn of exponent included in Vlf. How can the radicals rad(J7„j-/]K„) 
be expressed explicitly, in the filtration (j26p ? The answer is in general 
indicated by the following observation: let p^^'^'^ be the least power of p in 
the ideal {f*{T),uJn{T)) and suppose explicitly that 

f*{T)-Un{T)+LOn{T)v{T)=p<^^Wn{T), Un,Vn,Wn G A. 

Then Un+i{T) = Un(T) moda;„(T). If Rn = rad(0/]Koo) then, essentially, 

rad(fi„,//IK„) = where some additional work has to be done about 

the powers of p. For estimating ranks of totally ramified extensions, we are 
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also interested in Uj and its intermediate groups Unj, where U := UnUn- 
The idea is common for both questions and the technical details are related 
to the issue of eliminating eventual p - powers. In our case, the interesting 
value is /(T) = T. The results are used, among other, for determining Zp - 
ranks of the interesting extensions in ([2]) . Some of the results of this section 
will be proved in Appendix B. The Lemma [14] in Appendix A is a central 
instrument of proof. It has the following important consequence, proved in 
Appendix B: 

Proposition 3. For each n> k we have 

(33) p-rk{^T',n) = r2 + s -I, 
and in the limit, 

(34) 'Lp-rk{?)T) = rs + s - 1. 

Recall that IK is a complex galois extension, so ri = 0. The second 
application of Lemma [T3] is a constructive proof of the known result ([35]) ; 
the constructive approach yields additional information about the radicals, 
which brings insights on duality in 

Proposition 4. Let (tn = En^'^Ef^' and (£ = U^=^+i(£y^"^V^n- Then 
p-rk{<tj = r2 and MnH^; = ]ICoo[^] = U]K„[(£y^"^ ; moreover 

(35) Zp-rA;(Ga/((Mn(1i?)/Koo)) = r2. 

When K is a CM field, by class field theory ([22], Chapter 5, Theorem 
5.1) and since E~ is finite, being equal to the group of roots of unity, ([35]) 
specializes to 

(36) C VTe. 

In both cases, Leopoldt's Conjecture is equivalent to 

(37) M C ^E- 

We see from ([35]) and ([36]) that, independently on the truth of Leopoldt's 
Conjecture, the intersection MnO^; is a canonical subfield of M. In the CM 
case, it coincides with M~, while the global Artin symbol 99 is bijective as a 
map U{K)- /{U{K)°) Gal(M-/]Koo). 

In the case when Leopoldt's Conjecture is false, Zp-rk(Gal(M/]Koo)) = 
r2 + V{K) and it follows from ([35]) that Zp-rk(Gal(M/J]£;)) = V{K). There 
is a submodule A* C At* of rank V{K) such that M ■ VLe = ^E\'i{A^)^/P'^]: 
indeed, the radical of RAD((M-r2£;) /VLe) is a class field radical by definition, 
and duality implies that it is annihilated by T* . We shall write = ^i^'M, 
a phantom extension with group over ^e having the rank equal to the 
Leopoldt defect. Let * = My* and D = RAD(*/Koo); then = {1}. 
Now D is a Weierstrass module, and from Fact [3] and the finiteness of ^0 
we deduce that ?(-D) C £^(]K). It is not difficult to see that lim„p-rk(i,(£') n 
JJP ) = ^(IIC), but the following lemma gives a construction of the radicals 
rad(*„/]K„): 
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Lemma 9. Assume that the Leopoldt defect r = D(]IC) > 0. For every n > 
there is aZ - suhmodule Dn C E such that (Dn ■ EP)/EP has p - rank r and 
i{Dn) C C/P"^'. Furthermore, D^+k C Z)„ • and {Dn ■ EP"^' ) / E^'"^' 

is a group with exponent and sub- exponent p^"^^ . In particular, the exten- 

sions M.n[Dn ]/^n CLf^ unramificd and form an injective sequence with 
limit UnKn[Dn'^ ] = $. 

It follows that the field $ = Hy* has group of rank T>(K): it is the first 
phantom field mentioned in the introduction. Furthermore, since Gal(BI/]Koo) 
is a Weierstrass - module, we have At* = Gal($/]ICoo) so A* = At*, having 
the same rank. 

The last radicals which we need to consider for the sequel are rad(r2r*^„/lC„). 
The following result concerns these radicals 

Lemma 10. Let IC be like above, let n > 3k and L„ C ^E,n be a cyclic 
subextension with group annihilated by T* and [L„ : ]K„] = < p^~^^ , 
m > K. //L„ = ]K„[en ], then the unit e„ G £'(]K„) verifies 

(38) en = cn- wf^^'\cn G E'{K) \ {E'iK)r, Wn G E^. ■ {E'^f. 

Proof. It follows by duality from the definition of L„,e„,, that = d^™ G 
Ef' and thus Nn{dY"" = 1, so Nn{d) = ^ G /x^k+i C K. By Hilbert 90, 

it follows that d^ = w^^Wn & and thus [en/wn ) = 1, so 

^m — (k + I) rp 

= Cn ■ Wn with Cn G K. Furthermore, Wn G En and by Lemma 

[T6| it follows that Wn = did^ with di G E2K,d2 G E'^(K). In particular, 
Cn G £"(1C) and since ^ En, we must have which completes 

the proof. □ 

As a consequence concerning the filtration of ^It*, it follows that fi^;/ H 
^T* = Koo[{E[y/P°°]. We shall write from now on ^e, = K^[E{Ky/P°°] 
and O^;/ = Koo[^'i^^°°] = Oijj [n^/f"]. It thus follows from Lemma [10] that: 

(39) fiT* nnE' = i7ijjni/p°°] = o^/. 

4. The filtration of M/Koo and the Conjecture of 

Gross-Kuz'min 

We recall from Theorem [3] the main result of interest for the sequel: 

Lemma 11. The fields QE'['i{A)T* ],^E'['i{A')T ] ^'"^ totally ramified 
over Qe' o-i^d M.t C M^;. 

Let Rn = E{K)P" -NniEn) for n> k; then i?„ D Rn+i and the quotients 
(Bn ■= E(K)/Rn form a projective system with limit <B := \imE(K)/Rn- 
Then 

Lemma 12. Let £ := lim£'(K)//?„, /ifce above. There is an injective map 
ofZp[G] - modules v : ?(I')t ^ ?(<£) w^/i ?(<£) = ?(^')r. 
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Proof. We give an explicite construction of the map V. Let cJ-]^ 5 ' • • • ' ^ 
be a minimal set of generators. Then z (a-) > 1—k; let = (a-)^ ( + + ( i) 
so z{ai) = — (1 + k) for all i. We shall prove that for any a = (a„)„,gN G 
{a^ : i = 1,2, . . . , k} and each n > 0, there is a unique S E(K) depending 
on a„ and such that e„ Nn{En); furthermore e^+i = e„ mod Nn{En). 

Let n > 2k,21„ S and (a^) = 21^ ; since = 1, there is a f„ E 
with 21^ = and = d„fn , G En- Let c := Nn{vn) G -E(I[C); then 
Ar„(c) = cP""" = A^„(z^„)P""" = iV„(e„)-^ thus by Hilbert 90, e„ = c • 
and = e„ mod ^(K^)-^ • (K^)^" In this form, one can verify that 
Cn does not change upon choosing different representants for the principal 
ideal 21^ or other ideals from the class a„. Assuming that e„ E Nn{En), 
then Nn{6v) = e„ • = 1 and there is a unit 5 G such that i/ = (5 • x^. 
It follows that (2l„/(j;)) = (1) and 21 „ is an ambig ideal, thus a product of 
ramified primes and ideals from K which capitulated in Since n > 2k all 
ideals from K belonging to classes in coherent sequences of bounded order 
are principal in but not O'-n- it remains that ct^ G and is a p -unit, 
which contradicts the assumption a G A'. Therefore e„ G Nn{En) iff a„ is 
the principal class and there is thus an injective map Vn : A'j, ^ — > ^„ which 
extends i— > by • Z)-linearity. 

In order to show that Cn G (Sn. form a projective system, let m > n > k 
and Urn G flm be a prime that splits completely over Q and am,t^m,em 
be defined with respect to Qm- Then we have seen that = Nm{i^m)~^ 
independently of the choice of the generator Um of 21^. Since {Nm,n{i'm)) = 
^m,n{0.m)'^ = O-n = (i^n); it follows from the uniqueness of em,en, that 
Cm = e„ mod Nn{En)- Note also that t^nl^n) = ^n{i^n^) = t^nlfln)^, both 
for x G N and for x € G. Thus the maps Vn can extend in the projective limit 
to an injective morphism of 'Lp\G\ - modules v : A'rp ^ The initial choice 
of a deserves some remark: in order to achieve ord(a„,) = p""" uniformly on 
all an - which simplifies the notation - we assumed that a = a'^ for some p 
- power q and a G A'rp c iA'rp)P. We may define Un, with respect a„, and 
the map v extends naturally to a; it follows that v{a) = v{aL)'^. Thus v is 
defined on a minimal set of generators for A'j, and extends to an injective 
homomorphism of 'Lp\G\ - modules, as claimed. 

Conversely, let e = (e„)neN S (B and n> k. By the Hasse Norm Theorem 
for cyclic extensions, there is a a;„ G ]K„ with Nn{xn) = e„ and, considering 
the prime ideal decomposition of x„, we find that there is some ideal X„ 
such that {xn) = X^. The definitions above show that = Vnii^n])', 
let Xn = [Xn] and x = {xn)neN S A. Obviously x'^ = 1; furthermore, 
ord(x) = oo since otherwise ord(X„) < k and one deduces that ej^ G Nn{En) 
for all n and thus ?(e) = 1. The restriction of v to <j(^')t is thus bijective, 
which completes the proof. □ 



We are prepared for the 
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Theorem 4. The Conjecture of Gross - Kuz'min holds for K. 

Proof of the Conjecture of Gross-Kuz'min. For completing the argument, we 
consider first the simpler CM case. Since Mt C 17^;, by Lemma[TT] it follows 
by reflection, in the CM case, that A'j, C A~ . However, E{M.)~' = fipi^ is a 
torsion group, and the previous lemma implies that {A'rp)~ = A'j, = {1} in 
this case, which completes the proof. Using the Lemma \T8\ this argument 
extends to the non - CM case. 

We give an alternative proof for the non CM case, using Lemma [T2j 
Formally, ^„ are submodules of factors of i?(]K); the extensions fi^ = 

]IC„[<^(^)y^"^'] are well defined, since E{K)p"^^ C Let Q' = U„0; = 
Koo[?(^^/^°°] and y = Gal(J77l[Coo). By reflection we have (y)^* = {1}, 
and thus n' C UT^nQE while Q" := C Ot* too. The radicals 

of these extensions are isomorphic and v induces by duality an isomorphism 
Gal(Q7Koo) = Gal(Qi5[?(A')^/^°°]/Oi5). 

We know little about Qt* but Sjt* = Gal(r2r* /H) is a quasi - cyclic 
Zp[G] module of essential Zp - rank r2 + s — 1, by Proposition [Sj also 

^E['i{A')j. ]/^E is totally unramified by Lemma [TTl The quasi - cyclicity 
of yr* implies that Q' n = Koo- It follows that SI' C 17t* n M = We 
have the following diagram of fields: 

(40) Koo n' * 



nE[^{A')]{''^] nr* ■ ^E. 

in which the field extensions on the right hand side have isomorphic groups 
and radicals, while both lower and upper lines are Zp[G] - quasi cyclic ex- 
tensions. Since Gal(*/]Koo) = At*, it follows that ^ <?(^r-)*- But 
this contradicts the Lemma [TT\ thus completing the proof of the Gross - 
Kuz'min Conjecture for non CM fields. □ 

We might try dualization for proving the Conjecture of Leopoldt. The 
natural dual of E(K) appears to be UnEn" ■ The condition Nnivn) Nn{En) 
in the proof of Lemma [l2] becomes Un " En " . However, in turns out in 
this case that x„, := Vn"^ is nothing else but ?(an), up to units. Using thus 
Xn to define a new map v' is thus not fruitful, since the image of this map 
is essentially <;{At*) itself. The approach for the Leopoldt Conjecture will 
therefore take an other path. 

5. The filtration of Qt'-j^t* and the proof of the Main 

Theorem 

We have shown by class field theory in Lemma[3]that Zp-rk(Gal(r2r* /Ht* )) = 
r2 + s — 1. We now traverse the filtration (|25]) from upside down: ^Ie'-^t* = 
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in view of the proof of the Conjecture of Gross- 
Kuz'min. Note that we only need the first step of the proof for this, 
namely the argument based on self-duahty of A^r, Lemma [TTJ We thus 
have Qt* , ^T* C i^E'- From ()39p we gather that Qt* C Qe[- Conversely, 
Gal{QE[/^oo)'^ = {!}, so we have 

It is a straight forward verification that 

Zp-rk(Gal(J^s//Koo)) =p-rk(n)+p-rk(^(K)) = s+rs-l = Zp-rk(Gal(i7T./*)). 

Since f^r* n HI = $ and the groups 3^t* and yx* are torsion - free by 
definition, a rank computation yields for the intersection J7j = 0,^* H Qt* 
that 

Zp-rk(Gal(rJi/]Koo)) = r2 + s - 1 - 
while fi/ C ^E[ since both fields are included in fi^/ . The radical rad(r2//I[Coo) — 
i?J/rad($). However, since Zp-rk(3^T*) = r2 + s — 1 too, it remains that there 
is a totally ramified extension with L C 0,e and Gal(L/$)-^* = {!}, 

while Zp-rk(Gal($*/$)) = DiM.). This is the last phantom extension we 
have to consider; we shall show by a detailed investigation at finite levels, 
that it cannot exist, and this implies the Main Theorem. 

Like usual, we denote by ^T*,n the maximal Kummer extension of ]K„ • 
(BI„ n (It*) of exponent included in CIt*- Since it is a subfield of Qn, 
it is important to observe that Gal (jlT*,n/^n^ is abelian and it may have 

larger exponent than p""*"^. We shall give a proof of the Theorem [H by 
showing that there are no abelian extensions of which are ramified and 
contain This implies that cannot exist and I?(]K) = 0, thus the 

Leopoldt Conjecture. 

The extension (Oj* Ci^Ie)/^ oo is defined for every distinguished polyno- 
mial; if / does not divide the characteristic polynomial Fe{T) = char ( Gal (Hn 
il^;)), then ilj* = The polynomial of interest in relation with Leopoldt's 
Conjecture is /(T) = T and we know that T\Fe{T) iff V{K) > 0. We shall 
derive a contradiction in Proposition [5] below, which implies = 0: we 

show that Gal{^}j'-* /Mt*) cannot have the rank proved by class field theory 
in Lemma [3l a fact based on Lemma [10] and the resulting particularity of 
f{T) = T, which makes that 

rad((Or.,n • IC2„)/ItC2„) C E[ ■ {K^y"''\ 

Since this is the central point of the proof of Leopoldt's Conjecture, it 
may be useful, before proceeding to the technical proof of the Proposition [5] 
below, to compare to cases /{Fe, with f{T) ^ T, which are cases which do 
occur. We illustrate in Appendix C on the example of K = Q[Cp], the fact 
that for some polynomials f{T) ^ T, one has in general extensions C 
C L„ such that F„/]K„ is unramified, L„/F„ is p - ramified and L„/]IC„ 



LEOPOLDT'S CONJECTURE 



35 



abelian. Furthermore both groups Gal(F„/]IC„), Gal(L„/F„) are annihilated 
by f(T*). As predicted, the difference consists in the fact that in the general 
case, the radicals 

rad((0/.,„ • K2„)/K2„) C E'^^ ■ {K^y"*\ 

and the effective part rad((i7/.^„ • I[C2n)/]K2n)/(IK2„)^^"^^ {Z! K^, modulo 
p2n+i powers. It turns out that Clf* ilj* but Vl^- C ri^j.p. At finite levels, 
every extension L„ C \ f^/*,n; which is cyclic over ]K„ of degree < 
[L„ : K^] < p2(n+i) ariggg as subfield in the product F„ • of subfields 
F„ C ri/*,n ^iiid F^ = 0(j.)2 „; however, only the F„ form an injective 
sequence! This general phenomenon is analyzed in detail in Example El 




^ Fig. 1 : Overview of the main extensions of . 

The values accross lines are Zp - ranks of galois groups 

Turning back to /(T) = T we prove: 
Proposition 5. Notations being like above, 
(41) Zp-rk (^Gal{{n hTIe') /M)) = r2 - 1 + s - V(K). 

Proof. We have seen in Lemma [10] that iad{QT*,n/^n) stems from ii^'(lC). 
On the other hand. Lemma [3] implies that the maximal p - abelian exten- 
sion ilr«^„/]K„, which is totally ramified at p above ]HI„, has group 3^T*,n = 
Gal(r2T*,n/m„) with p-rk(3^T*^„) = r2 + s — 1 and sub-exponent at least 
p("--*:)/2_ jf ^rp,^^ (2 ^^T*,n5 since there are 2?(I[C) independent unramified 
extensions of in QT*,ni namely C QT*,n, the claim already follows. If 
the claim is false, we must thus have i^T*,n ^ ^T* n- 
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The previous example shows that the fields in 0,T*,n may be extensions 
of ^T*.n with group over which is annihilated by (T*)^ rather than T*. 
It suffices to consider subfields Qe- we shall show that 

and the galois group has p - rank r2 — 1 — 2?(]K) over it follows then that 
0^ = ^T*,n n r2£;^^.„[n^/P°°] has a group of p - rank r2 — 1 + s — P(]K) over 
HI.„ and 

Zp-ik{Galin' /Wt)) = ra - 1 + s - ^(IC). 

Let 5 £ E{K.) be a Minkowski unit with annihilator 9 G Qp[G], let g' be 
the p - power dividing |G| and n be sufficiently large. For M > 4(n + 1), 
let umiGm S be approximants to the p*^-th order of q'a^q'O G Zp[G] 
as in the Lemma [H so a generates the annihilator ideal of Gal($/]ICoo)- 
We suppose that M is such that E(KY''' C U{]^Y Using the approxi- 
mants above, we have C ^^Ein ~ ^n[^^'''^P"^^], an abelian unramified 
extension with group of p - rank Therefore 0^^/$^ must contain 

^(IIC) independent cyclic extensions of sub-exponent and with group 

annihilated by T*: this follows from Lemma [TH 

We restrict ourselves for simplicity to one maximal cyclic extension L„/]K„ 
with L„ C ^n^x* ri^E- as observed above, if the claim of the proposition 
was false, such an extension must exist. Let L„n$„ = F„ = for 
some d G Dm, the radical of Then := [L„/F„] > p'^^'^~'^,m <n + l 
and Gal(L„/F„)^* = {!}. Further more, L„ is cyclic over IfC^. We shall show 
that the two conditions are incompatible. Assuming that such an extension 
exists, then = Kan • Ln is an abelian extension of ]K„ and Kummer over 

Let e G E2n generate its radical, so = K2n[e^^P" '"]• Since ■ 
F„ = ICanJd"'^/^"^^] C L^, we may assume by Kummer theory that e = 
d ■ uP"^' for some u G ^2n. Since {Gal(h'^/K2n[d^^P"^']V = {!}, we must 
have by duality also that {duP"^^)'^ = [vP"^^)'^ = {duP"^^)P'^ mod EP^ 
so uP"'^^'^ G dP"" ■ E^^ " . Moreover, h'^/Kn is abeUan, so (d-u^"^^)'^" G 
^2n ■ apply (j50|) to u and d independently: 

uP = u*^"P = dP = d'^P mod E^^ , t £ 

while d'^" = d'^^ , c G . Combining the two, we obtain 

Therefore L^/K n can not be abelian for m > {n — k)/2 > (k -|- 1), i.e. 
n > 3(k 1). 

For n sufficiently large, there is thus no p - ramified extension L„/F„ of 
degree p'^,m > {n — k)/2, with group annihilated by T* and with L„,/]K„ 
abelian. Since this holds for all extensions above it follows that 2?(]K) 
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independent cyclic unramified extensions in have no cyclic continuations 
over ICn that are p - ramified over 

It follows that p-rk(Gal(r2n,T*/HI„)) = r2 — 1 — V^K), which completes 
the proof of (liTD. ' □ 



The main Theorem [T] follows from the Proposition, as explained above: 
since Q.t* H ri^;/ has group of rank r2 + s — 1 — 'D(IC) while Q.t* C ri_E' and 
by Lemma El Zp-rk(Gal(Or*/IKoo)) = r2 + s - 1, it follows that V{K) = 0. 
The Example [2] is continued by an illustration of the main steps of the proof 



for the case K 
Brumer. 



which was known from the Theorem of Baker and 
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Fig. 2: The unamified (marked: - ) and ramified 
(marked =) extensions at finite levels. 
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6. Consequences 

The results in the previous section give a complete picture of the T and 
T* parts of the class groups and p - abelian extensions in the cyclotomic Zp 
- extension of arbitrary galois fields. 

The following Conjecture is a natural generalization of the Greenberg 
Conjecture to arbitrary fields: 



'^Note also that we might consider F,L as extensions of Q.r,n ~ IK„[n^/'' ^ ], since this 
extension is independent of the Leopoldt Conjecture for all choices of 11. In this case, we 
may even assume di € i?(K)^", so h„ would also be unramified. 
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Conjecture 1. Let K be a number field, K^o its cyclotomic TLp - extension 

and H = HS,^'^°\ Then 

(42) HcOij. 

Note that Gal(]HI/I[Coo) is a A - torsion module by definition, so (|42p has 
no information on //(K). The Conjecture ^(IC) = for the cyclotomic Zj, - 
extension of arbitrary number field is thus independent of the ()42p . 

For the case when K is totally real, we may adjoin roots of unity to K and 
find that H n ri^; = Kqo, since Gal(J7£;/]Koo)^+^ = {1}: thus the Conjecture 
[1] plus ;U = is equivalent to Greenberg for CM fields K. If K is abelian, 
the Greenberg Conjecture is equivalent to (02]), since fi = was proved by 
Ferrero and Washington §7.5. 

If f{T) divides the characteristic polynomial of Gal(]HI/]Koo), we say that 
Greenberg's Conjecture holds for the f{T) - part of ^, if Hj C ^e, with Mf 
in Definition m With this we have proved: 

Theorem 5. Let K. be a complex galois extension. Then Greenberg's Con- 
jecture holds for the T and T* parts of A and A/A^* is finite. 

Proof. The Gross - Kuz'min Conjecture says that A'j, = {1} and At* = {1} 
is Leopoldt's Conjecture. The last also implies that M C and therefore 
At B Gal((HT n r2s)/]Koo); but Ht C M C Qe, which confirms also 
the Greenberg Conjecture for the T - part. □ 

Note that B is not necessarily finite for complex fields K. In the case 
when K is CM we give below a precise description of At, since in this case 
At — B~, canonically. 

Proposition 6. Let K/Q be a CM galois extension and 1C„, Koo, ^n, ^ be 
defined as previously. Let p C ©(K^) be any prime above p and let 

^ J if p is unsplit in K/IC^, 

^ [^(p) = ^^ \ d' \ otherwise; 

here Dp C Gal(K^ /Q) is the decomposition group of p. Then the module 
B~ is a free TLp - module of rank g' . 

Proof. Since ess. p-rk{A/A'^) = Zp-rk(B), it suffices to consider primes 
p C K which ramify in ideals pn CI with diverging orders in the ideal 
class group. We know that A/{A'^*) is finite and since K is a CM field, 
this implies that B~^ is finite and ess. p-rk(B) = Zp-rk(B~), where B~ is 
a torsion-free module. It follows in particular that B is finite if the primes 
above p are unsplit in K/K"*^, which explains that i^' = in this case. 

Now if p splits in IIC/1C+, we have Zp-rk(B-) = Zp-rk ((Gal(M~ n ]HIr)/lCoo), 
so it suffices to evaluate the second rank. Let L C M~ nHy) be a Zp - exten- 
sion of Koo. Then h-rp/^Tpil^oo] is either a trivial extension or the unique 
unramified Zp - extension of ^rp- its group is in particular G - invariant. 
For each r £ G there is exactly one such extension, and since for each 
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V E Gal(M~/]Koo) we have v^^^ = 1, we see from the definition of g' that 
there are at most g' independent extensions L with this property. In order 
to verify that there are exactly g' extensions L, we observe that M~ = M as 
a consequence of Leopoldt's Conjecture and thus Zp-rk(Gal(M~/]Koo)) = T2 
and Zp-rk(Gal(MT-p/]KT-p[^oo] = ■ Qp]- In particular, there is a G - 

invariant local subextension for each r; the count now follows from i^r^"* 
for Ur G A an automorphism which generates G81(Mt-p/^tp)- Therefore 
Zp-rk(B) = g' , which completes the proof. □ 

In [H] , Jaulent generalizes this expression to fields K which do not contain 
the p-th root of unity. 




7. Appendix A: Basics 

The first section of this Appendix is a technical extension of §2.1 and 
deals with the difficult problem of defining annihilators for Zp[G] - modules 
in the non commutative case. 

7.1. Annihilators, supports and components in the non-commutative 
case. If G is a finite group and X a - module, then X is quasi - cyclic 

if there is some x £ X \ X^ such that [X : x'^^^'-'^ < oo, or, equivalently, 
X = x^pIG]_ Then X is called a generator for X; if x G X^, we may 
denote it by weak generator for X and such generators may occur when 
considering norm coherent sequences of modules. The module is cyclic , if 
the index is 1. Let q = p^pd*^!). For any idempotent a G Qp[G], we have 
qa G Zp[G]. The Theorem of Maschke [3], p. 116 asserts that each submod- 
ule A C Qp[G] is a direct sum of irreducible modules. Furthermore, one sees 
from the proof of the theorem, that there is an idempotent a G Qp[G] such 
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that A = (a) = aQp[G]. Modules and their idempotents are too numerous, 
so we will identify isomorpy classes of modules. It is then known that A is 
isomorphic to an algebra of column - matrices over Q^; more precisely, we 
have the following standard fact ([Sj, Chapters 5 and 6). 

Fact 5. Let G be a finite group. Then Qp[G] has a canonic decomposition as 
a sum of bilateral submodules Qp[G] = l^,Qp[G], where ip are the central 
irreducible idempotent of Qp[G], associated to the irreducible characters ip. 
If ij) is any irreducible character and f^ is the dimension of the associated 
representation, then there is canonic decomposition 



with A^^i being the modules of column f^ x matrices having in all but 
the i-th column. Furthermore, every submodule A C Qp[G] is isomorphic 
to the direct sum of a collection of A^^i 's. In particular, there are exactly 
2^ isomorphy classes of modules in Qp[G], where f = ^^fip- Since Qp is 



Using this fact, we shall develop the notions of isomorphy classes of Qp[G']- 
modules, their supports, annihilators, generating idempotents and compo- 
nents. This is, among other, of importance for dealing with fields which are 
not CM and defining a canonic orthogonal pairing on C/(]K), with respect 
to which the Leopoldt involution can be used in the cases of interest, in 
order to define 'plus' and 'minus' parts of cyclic - modules, which 

are reminiscent of complex conjugation. The proof of the Gross - Kuz'min 
Conjecture for non CM fields is the only place where we explicitly need this 
construction. The reader who wishes to proceed quickly to the proof of the 
main Theorem may jump this and related parts and follow the line of the 
proof for the simpler CM case, in which we may distinguish between plus 
and minus parts of modules by means of the complex conjugation. 

The relation between modules and idempotents is explained in detail in 
the following 

Proposition 7. Let R C Qp[G] be some non trivial submodule. If a,f3 (z 
Qp[G] are two idempotents, they both generate the same module R = aQp[G] = 
/3Qp[G] iff there is a nilpotent u G Qp[G] with 

(44) v"^ = 0, va = 0, and au = a. 

Furthermore, if R' C Qp [G] is an other submodule, then R' = R iff there 
is a unit u G Qp[G]^ and an idempotent a G Qp[G] such that 

(45) R = a%[G], R' = a' = %[G] with a' = u-a-u-^. 

Proof. Let a, j3 be like in the hypothesis and u = a — j3. Since (5 G aQp[G], 
there is a u G Qp [G] with (3 = au and since a G /3Qp [G] , it follows that u is 
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a unit. Using the idempotent property, we have 

Pa = PPu~^ = f3u~^ = a, aj3 = aau = au = P, thus 
u'^ = {a - I3f = a - aP - (3a + (i = 

ua = {a — j3)a = a — (3a = 0, au = a — a(3 = a — (3 = v. 

Conversely, if i? = (a)Qp[G] and v has the properties in (fUj). then (3 = 
a-v = a-au = a{\ - v) and u = {I - v) = {I + v)~^ G Qp[G]^, so 
/?Qp[G] = R. We also have 

/32 = a{l - v) ■ a{l- v) = a- q(1 - v) - ua{l - u) = a{l - v) - = p, 

which confirms the first claim. 

Let a S be an idempotent and R = aQp[G]; for any u £ Qp[G]^ , /3 := 

uau~^ is an idempotent and we claim that R' = /3Qp[G] = R. Indeed 
the map '■ Qp [G\ — > Qp [G] , x t-^ ux is an automorphism of Qp [G] and 
induces an isomorphism R ^ R' : ay ^ Pipod/). Conversely, if = 
aQp[G] ^ R' = (3Qp[G] and : R ^ R\ then 7p{a) = (3 ■ v; furthermore, 
(^v G (R')^ , since V is surjective. Let u G Qp[G]^ be such that (3u = (3v 
and define a' = uau~^ . Let a' = uau~^; by definition of ip, it follows that 
— a) = — a) = = — a'), so /3 G a'Zp[G], with a' = uau~^ and 
by comparing ranks, the two modules must be isomorphic. The proposition 
implies that (3 — a' verifies (I44p and there is a further unit u' = u{l — v) 
(with V = 1 also possible), such that (3 = u'a{u')~^, which completes the 
proof. □ 



As a consequence. 

Corollary 3. Let A = (a)Qp[G] C Qp[G] be an irreducible module with 
a £ Iq. Then A = A^,^i for some central irreducible idempotent ip and 
1 < i < fi(,, and there is a canonical representant a(c) of the image of a in 
Xj =, such thataQp[G] = A^^i. In general, every isomorphy class a £Z/ = 
has exactly one canonic representant a^c) with 

(46) ^{c)%[G] = e(v.,i)g/^V',i' f"^ 

I C {(V')O • irred. centr. idpt. and 1 <i < ftp}. 

Proof. See [3], Chapter 5, Theorem 6 for the isomorphism of A with an 
elementary module of column matrices. The existence and unicity of the 
canonic representant follows from the map between isomorphy classes of 
idempotents and classes of isomorphic modules. Finally, the statement for 
general modules follows from Maschke's theorem and the decomposition in 
irreducible modules. □ 



In view of the above proposition and its corollary, we define the following 
relations among idempotents: 
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Definition 7 (Classes of idempotents) . Let a, (3 G 1'p[G] be two idempotents. 
Then 

a = /3 iff u := a — f3 verifies (44\ )^ 

a = P iff there is a u ^ Zp[G]^ with /3 = uau~^ . 

We say that a is congruent to (3 if a = [3 and they are isomorphic, if a = [3. 
Letio C Zp[G] be the set of all idempotents. ThenI := 2q/ = is in one - to - 
one correspondence with the submodules ofZp[G], whilel/ = parameterizes 
the isomorphism classes of submodules of 7Lp\G\. By abuse of language, we 
shall identify a £ 2q with its class in X. The canonic representant of a £ 2 
is a(c) o.'i^d it verifies 

For a' = uau~^ we have l — a' = u{l — a)u~^; therefore complementarity 
can be defined also for isomorphy classes of idempotents. Let I C Qp[G'] 
be the set of all idempotents and 2/ = the set of isomorphy classes of 
idempotents and denote the class of a G / by q. Then we may build 
complements on isomorphy classes by = (1 — a) and the notation 1 — a 
lays at hand for this complement; in general we may write 1 — a for a C X an 
isomorphisms class. For intersections and direct sums, the definition needs 
additional clauses, in order to assure compatibility under 'conjugation' with 
units. 

Let X be a Qp[G] - module; for each x S X we write = {a £ Qp[G] : 
x"" = 1} for its annihilator module. Defining the annihilator of X in general 
is more delicate, but we may use the canonic idempotents; we restrict to the 
case when X is a cyclic Qp[G] - module of rank r < |G| as a Qp - module. 
We write Xq C X for the set of all generators of X as a Qp[G] - module 
and X = {x^ : x E X_q. By abuse of notation, we identify elements x £ X 
with their classes x^ S X. If X is a quasi - cyclic 'Zp[G] - module, then 
^ = {x £ X \ XP : x'P £ X}; therefore X contains uniquely determined 
elements of X in this case. We would expect from a proper definition of 
the annihilator module X~^ C Qp[G], that it is a space of dimension |G| — r 
over Qp. This is in general not the case, if we use the naive definition 
X~^ = {a £ Qp[G'] : = l,for all x £ X}. If 7 G X is any generator, then 
7''' verifies naturally the rank condition, but it depends on the choice of 7. 
If G is commutative, then the annihilator X^ is well defined and the support 
is 

= ei^:l^X^{l} Ix^' 

where ly- are central idempotents belonging to irreducible characters this 
yields an embedding X ^ Zp [G] . 

In the non commutative case, for any generator 7' there is a unit u £ 
TLp\G\ such that 7' = 7"; therefore the annihilator modules 7''' = (7')"'' as 
submodules of Qp[G]. There is an isomorphy class Xx £ Xj = and a map 
4>x ■ Xx X such that (j)x{oi)~^ = aQp[G]; in view of (f44]) . 4>x{oi) = 4>x{f3) 
iff a = /?. Furthermore, for each a £ X^, we have {4>x{c()~^)~^ = (1 ~ 
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a)Qp[G] and thus X = a7Lp\G\ for all a G Xx- Moreover, there is a canonic 
canonic annihilator idempotent a(c) S 2, which corresponds to a uniquely 
determined generator x € X, such that x'^ = a(c)Qp[G]. We shall say that 
= a(c)Qp[G] is the canonic annihilator of X, and write also a(c) = cy~^ ■ 
We note that it is defined via a well determined choice of a generator x £ 
X . More generally, one may view annihilators also a isomorphy classes of 
idempotents together with a map to the set of generators of X. The support 
is then X-^ = (X^)'^ and we write a"*" for its canonic generator. One verifies 
that for each elementary module A = A^^i C Qp[G'] we have AX 7^ 44> 
AX^ 7^ 0. By definition, we have X^ (BX-^. Like the annihilators, supports 
can also be viewed as isomorphy classes of modules together with a map to 
the generators of X. 

Finally, for aj-^) the canonic idempotent of some module A C Qp[G], we 
define the a(c) - component of X by letting /3 be a canonic idempotent 
generating a(c)Qp[G] n X-^ and 

(47) x^ = p-x, X = X„eXi_„. 

The following computation explains the decomposition of X in complemen- 
tary components: let 2; G X be the generator such that x-^ = and suppose 
that A C X-^. Since A is a sum of elementary modules, it has a complement 
A' which is also sum of elementary modules and we let B = A' n X^ and (3 
be a canonic idempotent generating B. Suppose that X^ D Xi-^ 7^ and 
let t G Qp[G] be such that t = x"" = £ X„nXi_„. Then au + Pv G 
and by choice of a, f3, it follows that u,v = and thus t = 0. 
The next definition synthesizes the above constructions: 

Definition 8 (Annihilators and Supports). Let X be a cyclic (right) Qp[G] - 
module. Then there are two canonic idempotents and and a uniquely 
determined x G X such that x'^ = a^Qp[G] and x^ = a^Q_p[G]. Further- 
more, iflx C I is the isomorphy class of , there is a map (px ■ TxX_ and 
the two are related by 

(48) (t^xiPV = PQp[G], ypelx. 

If X is a cyclic TLp \G\ , then the pair {Xx , (f'x ) is defined with respect to X 
and the relation ^8\ ) becomes 

(j)x{ay = aQp[G] n Z[G], Va G Ix- 

Finally, if A C X^ is an elementary module with generator a, then there 
is a well defined A component X^ with support X^ = A and its comple- 
ment in X is Xi^a. Components may be defined as isomorphy classes of 
submodules, using the map (j)x above. 

Since supports and annihilators come with canonic choices of generators 
of X, one may induce maps between two cyclic Qp[G] - modules having 
the same support and annihilators. Furthermore, a decomposition of Q]:j[G'] 
in components induces decompositions of all cyclic Qp[G] - modules. In 
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the case of Zp[G] - modules X, one defines the annihilators, supports and 
components with respect to X and then takes intersections with Zp[G]. 

In the case of quasi - cyclic Zp[G] - modules X, there are always p - 
powers involved in the passage from classes x^^ G X to x G X; of course, 
these powers depend strongly upon X, its deviation from a cyclic and 
Vp{\G\). The next lemma describes the deviation of quasi - cyclic modules 
from cyclicity. 

Lemma 13. Let X be a quasi - cyclic module and x' a generator. Then 
there is a further generator x depending on x' and such that X'' C x^p^'^h 
In particular, if Vp{\G\) = 1, then the all quasi - cyclic modules are cyclic. 

Proof. Let a G X generate the annihilator x""" and {l — a)Qp[G] = ®iPiQp[G] 
be a decomposition of x^ in a direct sum of irreducible modules, generated 
by the idempotents Pi. Let x[ = {x'Y^^^ G X and let Xj G X \ X'^ such that 

X ■ = ' for some Ci > 0. We obviously have X = Qi^r^^ andX = XnX. 
Furthermore, in every component, x'f^^^'''^ c X. Letting x = Yii^i^ 
that C X and X'"^- n X C i^ft^fl^'], since (3iZp[G] are irreducible. 

If g = 1, it follows that X = x^"'*^], so X is cychc. □ 

As an important consequence, when p is not coprime to |G|, the decom- 
position of X in disjoint components works only up to a power of p. 

7.2. Arithmetic in A. We gather in this section several elementary com- 
putations related to the arithmetic in A. Since the numbering of the in- 
termediate fields starts with Kq = M.^ (see §2.3 Definition [3] for the precise 
definition of k), we have a;„ = (T -|- 1)*'" — 1. Then 

(49) Nn ■■= ^K„/Ko = ^n/T and iV„ .„ = Nk^^^/k„ = W-m/c^n, 

for m > n > K. The action of the Iwasawa involution on ujn is seen from 
(T + + uJn = {p^ - 1)^""" - 1; it follows that: 

(50) LJ„ + io;; = p^-'^c, tGA;^,cGZ^. 

We shall use the following observation of B. Angles Lemma 2.1, (2): let 
m = K + l andl' = [1/2]. Then 

We may thus choose a, 6 G A.^ with a G A^^ such that 

(51) X4 = a/ + 6iVz.+i. 

For the Fp - modules Rn = A„/pA„ we have the isomorphism i?„ = ¥p[T]/{T) 
so the image of T is a nilpotent in these modules. Furthermore, T = 
cT* mod pA, c G A*. These facts will be used below for the study of mod- 
ules of infinite p - rang. A further set of identities which we use repeat- 
edly is the following: let generate Gal(]K„_)_i/K„) and 6 = "d — 1. Then 
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Gal(]K„_|_i/]K„) = Fp[X]/X^ via 1} — 1 i-^ X; some simple arithmetic yields 
the following useful expansions: 

(52) = p + 9h{9)=p + e.(^(^^+hi{0)^ 

= p-hs{e) + ep-\ hi{9),h2{9)e¥j,[9],hs{e)e{¥p[e]r. 

The following Lemma is a general result on duality: 

Lemma 14. Let X be a A - module, X„ = X^" be the submodule fixed 
by oJn and Xn^T* = {x G X^ : x^* = 1 mod Xn •}; we assume that 
Nm,n '■ Xm Xn IS surjective. If fin C X° is the maximal submodule of 
exponent p"-~^ which is annihilated by T* modulo Xn , then 

(53) Xn,T'/Xr'' = {XT- ■ l^n ■ Xri/{Xri. 

Moreover, if X is quasi - cyclic of h. - rank r as a A - module, then for n > k, 
Xn,T* / IJ"a are quasi - cyclic finite Zp[G] - modules ofp - rank r and subexpo- 
nent p^'^~'^^/'^ . They form an injective system with limit Xt* = lini Xn,T* / fJ'n 
which is Q, Quasi - cyclic ^^[(7] - jnodulc of vdTik v. FuvthcTTfioTc, if tn,m '• 

Xn ^ Xm for m> n, then in,m{XnT*) C X^rj,:, . 

Proof. Apply ([50|): if j; G Xn^ , then x'^' = y"^'* = y^'^""^ ,c' £ A^. Since 
fin C Xn,T* by definition, this shows the inclusion 'D'. For the other direc- 
tion, consider x £ Xn with x'^* = y^" then x^'^^ = rr'^'P" = y^^'P" 

and thus (^x/{y^'^'^ ^^n)^ = go x = y^'^'-' • ^, with = 1; from 

G X^" it follows that ^ £ fin- This implies also 'C' and completes the 
proof of (153]) . 

We now prove the properties of Xt*- Let G„ = Gal(]K„/Q), Xn = 
Xn,T* I fi-n and g = |G| . An element a G Tlj\Gr\ acting on Xn has the following 
dual development in the group ring: 

3-1 

(54) « = ■ ^ Gal(]K/Q), 

2=0 

where the Ai G l\x\ are polynomials of degree deg(Ai) < p''". Let oq = 
I]f=o -4.t(0)Ti. We show that p-rk(X„,T*/A*n) = r. 

We shall construct a subset D' C such that {XmD')/{Xm) is an 
Fp - space of maximal rank r. Let (5„ G X„ be a generator for the A - 
cyclic modules Xn and do = Nn{6n), a power of a generator for Xq; consider 

H C G\{1}, a maximal subset such that 6q C Xq is a free Zp - module of 
rank r — 1. Let -D„ = {(5^ : a G i?U{l}} be a system of relative generators for 
Xn/Xo and C Xn be their Zp - span; the identity automorphism accounts 
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for the pre-image /kI-'-) -^n of 1 in X^- The system D„ has p - rank r; 
consider D^'* C Xn^ . Prom dUD we deduce that p-rk(D^*7(D^'*)P""'°) = r; 
a fortiori, p-rk(A'„) < r: it may happen that D„" C . We show that 

this is not the case for sufficiently large n, and the two ranks are then equal. 

Let thus Tn = Xn" I'Dn" be the torsion and ti,t2, ■ ■ ■ ,ty € r„ be a 
minimal system of generators with y < r and decreasing orders in the torsion 
group Tn, so ord(ti) > ord(t2) > ■ ■ ■ > ty. We shall identify the ti with a 

set of representatives in X„ and let d[ = t°'^'^^^^^ G Dn" ,i = 1, 2, . . . , y. Then 
d- are - independent; we may choose d'j G D^",y < j < r such that 

X;^^" = Span(ti,(i^)R, i<i<y<j<r- 

The set F = {tj : 1 < y} U {d^- : y < j < X2} is then a set of Zp[G] 

- generators for X„ " and this shows that X„ " has the p -rank r. By con- 
struction, (Span(F) • Xn)/Xn has also the rank r as an ¥p - vector space 
and thus, 

p-Tk ((X5 • Xr^)/Xf-^) =p-rk(x5) = r. 

We finally show that the exponents of Xn := X„ "/X„ " are diverging. 
For this we use (I5T]1 . Let x£ Xn\ Span(F)P, so x = z^*-,z G X„ \ X^, and 
set = [^] . The formula ([SID, in which we choose a to be a unit, implies 

pi'+i 

that X Xn and therefore x generates a cyclic group of order at least 
p^ . Since (Span(F)X^)/X^ has rank r, it follows that there is a subgroup 
Wn C Xn with Wn = {Cpi'Y , thus VF^ has p-rank r and subexponent I' = 
^^^] . Finally we have to show that Xn form a projective system. Let 
Xn+i e Xn+1 and x„ = X„+i_„(a;„+i). In view of dSD]), we have X*.^^ „ = 
ciX„,_|_i^„ mod p""*^ with ci € A^, and thus 

K^, = X*+i^„ • N: ^ c,Nn+i,n ■ K mod p^-\ 

If follows that = Xn " mod X„ and thus X„^t* form an injec- 

tive system. One verifies with the same methods that i„,^„+i(X„^r*) = 
Nn+i,n{Xn+i,T*y , where Nn+i^n is regarded as an endomorphism of Xn+i] 
this induces also a projective structure which is best understood in terms of 
"radicals" xl^f,~\ □ 

7.3. Units. 

Proof of Factl^ Let e,f,g denote as usual, the ramification index, the de- 
gree of the residual fields and the splitting index of the primes above p. 
The polynomial i{f{X)) is separable over Qp and splits in g polynomials of 
degree e/. Thus ^ = Qp[X]/(;,(/)) is the product of g isomorphic local, 
unramified extensions of degree ef . Each completion = K is a ramified 
extension of degree e of the unramified extension K/Qp of degree /. 

It follows from the Chinese Remainder Theorem that t : Q ^ Qp extends 
to an embedding i : K > Qp[X] /(/,(/)) and that the image of K is dense in 
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By continuity, the galois action of G extends to ^ and commutes with 
the embedding. 

Indeed, for any t e ^ there is an /i G Qp[X] of degree deg{h) < deg(/), 
such that t = /i(t(a)). Since Q is dense in Qp, there are polynomials /i„ S 
Q[X] which approximate h to the power p", so lim^^oo '-(/in) = h; setting 
tn = hn{a) £ K, we also have i(tn) = i-{hn{oi)) h{L{a)) = t; hence K is 
dense in ^p. For any a £ H, we define cr(t) = /i(i(cr(a)). This action is well 
defined and commutes with the embedding, since for t G K we have 

t{a{t)) = i{h{a{a))) = h{L{a{a)) = 

□ 

7.4. A - modules, radicals and duality. The following elementary lemma 
will be used for the proof of Proposition [TJ 

Lemma 15. Let A and B be finitely generated abelian p— groups denoted 
additively, an let N : B ^ A, i : A ^ B two TLp - linear maps such that: 

1. N is surjective; 

2. The p— ranks of A and B are both equal to r and |-B|/|^| = p^. 

3. N{L{a)) = pa,ya € A and l is rank preserving; 

Then l is injective, l{A) = pB and ord(x) = p ■ ord(A^x) for all x £ B. 

Proof. We start by noting that for any finite abelian p - group A p - rank 
r and any pair ai, (3i; i = 1, 2, . . . , r of minimal systems of generators there 
is a matrix E G Mat(r, Zp) which is invertible over Zp, such that 

(55) P = Ed. 

This can be verified either by tensoring with Qp, or directly by extending 
the map ai i— > Pi linearly to A and, since {Pi)^^^ is also a minimal system of 
generators, deducing that the map is invertible, thus regular. It represents 
a unimodular change of base in the vector space A ®ip Qp- 
The maps i and N induce maps 

I : A/pA B/pB, N : B/pB A/pA. 

From 1, we see N is surjective and since, by 2., it is a map between finite 
sets of the same cardinality, it is actually an isomorphism. But 3. implies 
that NoT : A/pA — > A/pA is the trivial map and since is an isomorphism, 
I must be the trivial map, hence l{A) C pB. 

Assume now that l is rank preserving and let hi, i = 1,2, ...,r be a 
minimal set of generators of B: thus the images bi of bi in B/pB form an 
Fp - base of this algebra. Let Oj = N{bi); since p-ick{B / pB) = p-ick{A/pA), 
the set {ai)i also forms a minimal set of generators for A. We claim that 
\B/l{A)\=p^. 

Pending the proof of this equality, we show that l{A) = pB and l is 
injective. Indeed, we have the equality of p- ranks: 

\B/pB\ = \A/pA\ = \B/i{A)\=p\ 
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implying that \pB\ = \l{A)\; since l{A) C pB and the p - ranks are equal, 
the two groups are equal, which is the first claim. The second claim will be 
proved after showing that |-B/i(A)| = p^ . Since |i?|/|j4| = p*", it follows that 
1^1 = so L is injective. 

Let S{X) denote the socle of the finite abelian p - group X. There is 
the obvious inclusion S{l{A)) C S{B) C B and since l is rank preserv- 
ing, p-rk{A) = p-rk{S{A)) = p-rk{B) = p-rk{S{B)) = p-rk{S {l{A))) , thus 
S{B) = S{i{A)). Let (aj)-=i be a minimal set of generators for A and 

= t(a.j) ^ B,i = 1,2, ... ,r; the (a^)[=i form a minimal set of generators 
for l{A) C B. We choose in B two systems of generators in relation to a'- 
and the matrix E will map these systems according to ()55p . 

First, let bi £ B he such that = a- and > is maximal among all 
possible choices of 6j. From the equality of socles and p - ranks, one verifies 
that the set spans S as a Zp - module; moreover, l{A) C B^ implies 

Cj > 1. On the other hand, the norm being surjective, there is a minimal 
set of generators b[ £ B, i = 1,2,... ,r such that N{b'j) = ai. Since bi,b^ 
span the same finite Zp - module B, (j55p in which a = b and [3 = b' defines 
a matrix with b = E ■ b'. On the other hand, 

L{a) = a' = Diag(p^')^= Diag(pf )^ • 9, 

The linear map N : B ^ A acts component- wise on vectors x £ B'^ . 
Therefore, 



Nb = Nbi = N{Eb') = Af (]J 



)i=l 



j=l \ / i=l 

= E{a). 

We obtain thus two expressions for Na' as follows 

Na' = pa = pi ■ a 

= N (Biag{p''')b^ = Diag(/') • N{b) = Diag(p''') • Ea, and thus 

o = Diag(p'''"-^) • Ea 

The aj form a minimal system of generators and E is regular over Zp; there- 
fore (a) := {aj)^^i = Ea is also minimal system of generators of A and the 
last identity above becomes 

a = Diag(p'''~^) • a. 

If ej > 1 for some i, then the right hand side is not a generating system of A 
while the left side is: it follows that Cj = 1 for all i. Therefore = p^ 

and we have shown above that this implies the injectivity of l. 
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Finally, let x £ B and q = ovd{Nx) > p. Then qN{x) = 1 = N{qx), and 
since qx S '-(^), it follows that N(qx) = pqx = 1 and thus pq annihilates 
X. Conversely, if ord(x) = pq, then pqx = 1 = N{qx) = qN{x), and 
ord(A^2;) = q. Thus ord(x) = p ■ ord(A^2;) for all x G i? with ord(x) > p. If 
ord(a;) = p, then x £ S{B) = S{i{A) C i{A) and Nx = px = 1, so the last 
claim holds in general. □ 

This small exercise in linear algebra avoids a deeper investigation of M 
as a sum of irreducible A - modules, and the afferent pseudo-isomorphisms 
which may arise. We can non give the 

Proof of Proposition d . We assume without restriction of generality that 
is the least integer n for which |-/Vf„| = |M„+i|, for point 1., respectively 
p-rk(M„) = p-rk(M„_|_i), for point 2. Let 

Y = {x = {xn)nm G M : /„,o(xn) = 1 for aU n > 0} C M. 

One verifies from the definition that y is a A - submodule. For n > the 
map fn,o is surjective with Ker (/„_o) = {x £ : fnfl{x) = 1} = fo,n^ 
and we thus have a commutative diagram in which M„ — > Mq is induced 
by the map fnfi while the horizontal isomorphism are deduced from the 
previous remark: 



Mn = M/i/o,„y 
(56) i i 

Mo ^ M/Y. 

For the first point we assume |Afil = \Mq\. Then Mi — > Mq is an isomor- 
phism; therefore yo^iY = Y. Sincqj fo,i G (P;^) C A, the unique maximal 
ideal, and since Y is finitely generated over A, it follows from Nakayama's 
lemma that F = 0. Consequently M ^ Mq is finite and M„ ^ = M for 
all n > 0. This proves the assertion 1. 

Suppose now that p-rkMi = p-rkMo. Then Mi/pAdi = Mq/pMq and 
thus M/{vq^iY +pM) = M/{Y + pM) and vq^iY + pM = Y + pM. Letting 
Z = {Y + pM) /pM, we have 

i/Q = {vo^iY + pM)/pM = {Y + pM)/pM = Z. 

By Nakayama's lemma we conclude that Z = and Y C pM. Therefore 
p-rk(Mn) = p-ik^M/i^o^nY) = p-ik^M / (uQ^nY + pM)) = p-rk{M/pM) = 
Zp-rk(Af) for all n > 0. By Iwasawa's formula, for n sufficiently large we 
have 

\Mn\ = 

and since the rank stabilizes, we see that id{M) = and |M„_|_i| — |M„| = p^. 
This proves assertion 2. 

^We follow here Fukuda [11] and use Iwasawa's notation Un,m ~ Nm,n = LUm/iOn for 
m > n > 0. 
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For point 3. we need Lemma [T5l We have seen in the proof of the Lemma, 
that L{Mn) C pMn+i in general, while in the case when l is rank preserving 
we have equality. The kernel Ker (t) is the capitulation kernel and has thus 
exponent p. Therefore, i is rank preserving iff the subexponent of Mn (see 
Definition [T]) is larger than p. Suppose thus that t is rank preserving and 
L{Mn) = pMn+i and let N' = io N. 

For proving = i(N{x)) = N'{x), we make explicite use of the structure 
of F. Let t = uJn = {T + ly" - 1 and 

as follows from the Newton development of = (^~^^y'~^ (ggg also [52]) . By 
definition, t annihilates L{Mn) and xq := x^ G (-{Mn) from our assumption. 
Thus = = 1 and £ S{Mn+i) = 5'(i(M„)) C i(M„), as shown in 
the proof of the Lemma [151 In view of the above development then 

N'x = xP ■{x^)('^)+^'' = xP, 

which completes the proof. 

Suppose now that t is not rank preserving, so the subexponent is p for 
ah n. Then M = M' M", with M" a module of exponent p and M' of 
subexponent larger than p. The result holds for M' by the above, while for 
M" we have x^ = 1 for all x € M„_|_i. Consequently, M^+i is an Fp[T] - 
module of finite rank annihilated by the image of ujn+i in I^pi^]) which is 
u;„_i_i = (T + 1)^"^^ — 1 mod p'Lp\T] = The rank being finite, we see 

that = 1 too, for sufficiently large n. Consequently N'{x) = x^ for all M 
of finite rank and n sufficiently large. 

The first point is concerned with pure capitulation. Indeed, we deduce 
from N'{x) = x^ and |M„| = |M„+i| that p-rk( Ker {l)) = p-rk(M„) = R, 
so the whole socle of M„ must capitulate. In the second case, assuming in 
addition that R = \{M) we have Vp{\Mn\) = iJ-p^ + Xn + and since the 
ranks are bounded, fi = 0. From Vp{\Mn+i\) — Vp{\Mn\) = A and |M„+i| = 
p\i{Mn)\, so |M„+i| — |i(M„)| = p^. In the case when i? = A, it follows that 
|t(M„)| = \Mn\ so the two groups are isomorphic, l is injective and M is a 
Weierstrass module. This completes the proof. □ 

We see that the growth of infinite A - modules of finite rank is very 
simple, at levels beyond the rank stabilization. The whole taxonomy of 
these modules is established by the growth prior to this stabilization and this 
may be very complex. Even the question whether capitulation in Weierstrass 
modules can be excluded also before rank stabilization is not easy to answer. 
We therefore chose to avoid this question by adequate choice of the base 
field. It is however remarkable that the weaker condition that l be rank 
preserving already determines regular conditions of growth: the relation 
ord(x)/ord(i(A^(x))) = p depends only on this condition and we may only 
have ord(x) > p ■ ord(i(Ar(x))) if t(A^(x)) = 1, for x £ Mn+i \ Ml^^ with 
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l{N(x)) = 1. Some additional work using the objects in the proof of Lemma 
[TSl shows that in this case ord(2;) < p'^. 

Remark 2. Like any phenomenon that is not impossible, this does in fact 
happen, as shown by the following example due to Kraft and Schoof [T7] . In 
the cyclotomic Z3 - extension o/HCg = Q[\/5529], for the transition Ai — > A2 
there is an a ^ A2 of order p^ with N'{a) = 1. The groups Ai,A2 have p 

- ranks 2 and are of types (9,3) and (9,9). There is total capitulation, and 
thus i* is not rank preserving; indeed, p-rk(^i\ 2(^1)) = 1 < p-rk{Ai). 

This phenomenon is not in contradiction with (|12|) , since there we assume 
n to be sufficiently large - in particular, beyond total capitulation of the 
finite part of M„. There, the regularity is recovered. We now consider the 
results on Weierstrass modules: 

Proof of Lemma\^ Let y C X be a A - submodule. Since X is free as a 

- module and Zp has no finite subgroups, Y is also Weierstrass. Therefore 
finite intersections of Weierstrass modules are trivial. This implies the direct 
sum decomposition X = (BjXj in the claim. □ 

Proof of Corollary [7J Since M is a Weierstrass module, we can apply point 
3. in Proposition [H which implies the claim (jl3p . Let n > no be the least 
integer such that 2;„ / 1 and define z{x) = t;p(ord(x„)) — (n + 1). Then 
(fT3l) and the injectivity of l implies fp(ord(xm) — (m + 1) = z{x) for all 
m > n. It makes therefore sense to use the notation z(an) for a„ 7^ 1. The 
ultrametric inequality z{xy) < niax{z{x), z{y)) follows from ord(x„y„) < 
max(ord(x.„), ord(y„)), and from this, the surjectivity of the norm implies 
the bound c. Indeed, if {oj = (ai^n)neN S M : i = 1, 2, . . . r} is a minimal set 
of generators of M, then by Nakayama's lemma we have Oj^o 1 thus 
z{ai) < c by the definition of c. Since the Oi generate M, the ultrametric 
inequality implies z(x) < c for all x G M. Note that c is constant also for 
all intermediate fields I[C„: replacing K by a larger intermediate extension 
does not increase the value of the constant. 

Finally we show that z extends to a map defined on A by (|14p . If a: G A 
has infinite order, then the module Ax^ is Zp - torsion free, for sufficiently 
large d, so it is Weierstrass. Thus z{xP'') is well defined and the limit 
lim^^oo ''^p(ord(xn)) — (re+ 1) exists, which completes the proof. As a map on 
A, one may regard p~^ as a degenerated ultrametric on A, with kernel A°. 
For any a„ G A^. with a„ 7^ 1 and any lifts a £ A which project on a„ at the 
n-th level, the value z{an) = i;p(ord(a„)) — (n + 1) = z{a) is constant. □ 

Finally we consider the - part, giving the 

Proof of Lemma\^ . Let a = (an)nGN £ A° be such that A6 has unbounded 
p - rank and let A, /i, v be the Iwasawa constants of this module; then A = 
and, for n > no, 

(57) UpdAa^l) =/ip" + z>, 
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Let b = a^'^ ^ . Since Aa ~ A/(p^), it follows that the module B := Ab ^ 
A/(p) has also unbounded p - rank. We claim that Ker -Bn+i) = {1} 

for all n > uq. Since ord(6) = p, it follows that B is an Fp[[T]] - module and 
from 

(58) iOn = TP" mod p¥p[[T]], 

it follows that p-rk(i3„) < p". For n > no we have \Bn\ = pP"i'k(_B„)^ 
V < 0. Comparing with (j57p . in which /x = 1, we see that a^\j < + v 
form a base for the Fp - vector space -B„,, for all n >n 0. We assume that 
there is capitulation for n > no, so Ln,n+i{i'n'' ) = 1 ^ov some A; < p" + z/; let 

iV = N„+i,„ EE rf"+'(f-i) modpFp[T], 

where the congruence follows from (jSSp . Since the norm is surjective in A, 
we have a„ = A^(a„+i); let 2l„,+i G a„+i be a prime that splits completely 

above Q and 2ln = Af(2ln+i) = 21^+/""" € On- Consequently, 21^+7"'"^'' is 
a principal ideal of ^n+i and thus 

+ I. = p-rk(B,,+i) < (p - + fc, 

and k > p" + z/. But p-rk(i3„) = + z/, so in this case o^*" = 1 anyhow: 
there is no capitulation for n> uq. □ 

We now proceed to radicals and prove first an auxiliary lemma: 

Lemma 16. Let n > 3k, and y G be such that G E'^, and i/ c G K 
divides y, then c G i?'(]fC). Moreover, y = d ■ e^ with d G E2k, e G E!^. 

Proof. Since y-^ is a p - unit, it follows that (y) is an ambig ideal fixed by 
T. Let 21 C Kn with [21] = an £ An and a„ lifting to a sequence a & A 
be any ambig ideal fixed by T. If a has finite order, 21 capitulated in 'K2k, 
since is an exponent for A°, and thus 21 = (a), a G ^2k- In particular, 
if (21, p) = (1), then this must be the case. Let (y) = *B • *P be a splitting 
such that (53, p) = (1) and *P is a product of primes above p. By the 
above, !B = {(3), (3 G and since *B is principal, so must be *p. Thus 
^ is a p - unit; let pm C Km be the primes above K D p D (p) and 
= [Pm]- Recall that C = G/Dp is a set of s coset representatives of 
the quotient of G by the decomposition group of some prime p like above. 
Then *p = with 9 = J^aeC^^^^ ^ '^[G]; if a = (a^) has infinite order, 
then ord(a„) > p""*^ and p"'^^""^ = p™d(ao) ^ (7^^)^ j^^y split in 

9 = 0^ + 01 with 0, = EaeC:vp{a,)<vAord{a„) herewith, <P = • 

where := p^-' and *P/ = p^'. Now by definition of ^i, it is a principal 
ideal (tt;) C K, and it remains that so must be The classes [p^] have 
bounded order for n — > 00 and thus = {"^s) with G I[C2k- Altogether, 
(y) = (/3)(7rs)(7ri) and y = e ■ f3 ■ tTs ■ ni, with e G ^n- But (/3 • tTs)^ G £^2k 
and Trf = 1, so it remains that y^ = d ■ e^,d G £"2/1, which completes the 
proof. □ 
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We proceed to the 

Proof of Proposition 0- Let L', L be like in the hypothesis. We shall give 
the proof for elementary A - modules of one of the three types: finite Zp 

- torsion, infinite Zp - torsion and Weierstrass modules. Since every A - 
torsion group Gal(L'/L) in the given tower is the product of modules of 
these types, the general case follows. 

Assume that Gal(L'/L) is a Weierstrass module and i?„ := RAD(L^/L„). 
We have shown that i?„ are A - modules of bounded rank, at all finite levels 
and Bn C Bn+i C U„i?n C L'. The condition Bn C Bn+i is equivalent to 

Our task is to prove that the norm Nn+i,n ■ ^n+i Bn is surjective, so 
we cannot apply the Proposition [T] directly, but we may apply it to the dual 
galois groups. Indeed, since L, L' are galois over K, it follows for instance 
from Iwasawa, jl4j §3.1, that Gal(L/]Koo), Gal(L'/]Koo) are A - modules. 
Then so is L = Gal(L'/L) as a factor of A - modules, and by assumption 
it has finite p - rank. The Galois groups L„ = Gal(L^/Ln) form an infinite 
projective system with limit L = Gal(L'/L), under the norm maps. Let 
Ln,n+i be any lift Ln Ln+i- One can choose compatible chains of lifts such 
that for n < m < m', we have in^m ° i-m,m' = '-n,m'- The group Gal(]Km/]K„) 
acts on Lm by conjugation and it fixes tji m (Ln), independently of the lift 
chosen. Therefore the condition Nn-\-i^n°i-n,n+i = p as endomorphisms of L„ 
is fulfilled and we may apply Proposition [1] to L. It follows that for n > hq, 
Ln,n+i{Ln) = L^n+i ^"^^ ^^^^ Gal(L[j_,_j^/(L„+i • L^)) is an Fp[r] - module of 
rank r = p-rk(L) for n > tiq. Furthermore, Ln,n+i is injective, so 

(59) |Gal((L„+iL;)/L„+i) = 

Let o £ Gal(]K„+i/]K„) be a generator; setting t = o — 1, we have = 
p + tv, as in ()52p . By choosing no large enough, we may assume that for 
n > no, the element t = modpA annihilates Gal(L^_,_;^/(L„_|_i • L^)). 
By duality, B^+i := RAD{h'^^i/{L,n+i • L^)) is also a group of exponent p 
annihilated by t*; however T* =T mod p, so t is also an annihilator of Bn+i 
and therefore, taking norms, it follows that Nn+i^n{Bn+i) C RAD((L„+i • 
L^)/L„_|_i); the inclusion 'D' follows from the fact that L„-|_i[A'^„+i^„(i?„_|_i)] 
is the maximal subfield of L^^^ which is fixed by o. It remains to show 
that RAD((L„+i • VJ/hn+i) = RAD(L^/L„); this follows from ([59]). This 
completes the proof for this case. If L is a finite Zp - torsion module, then 
by the first point of Proposition [U for n > no we have i„^„+i(L„) = L^^^ 
and we deduce like before, that Nn+i^nBn+i = Bn- 

Finally, suppose that L is an infinite Zp - torsion module. We may restrict 
ourselves, without loss of generality, to the case when L = Al is cyclic 
of exponent p^ and in.n+i is injective for n > no: this discards finite Zp 

- torsion, which can be achieved by taking complements. Moreover, we 
assume that /i = 1, in order to avoid modules over TLjip^ ■ Z). The general 
case follows by induction on and the number of generators of L. 
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Applying Lemma [3] and its proof, we see that L„ are Fp[T] - mod- 
ules of finite rank — v and A^„-)_i^„-L„+i = L'^j^^ ■ Note that in this 
case the exponent p is replaced by oP~^ for obvious reasons. Since o* = 
o mod p, as observed in the previous section, it follows by duality that 
A^„_l_i^„i?„_l_i = B°_^_-^ . Since tn,n+i is injective, it follows by comparing 
ranks that Nn+i^nBn+i = i-n,n+iBn- This completes the proof. □ 

We now pass to reflection, giving the 

Proof of Lemma\^ We have seen that the dual of X is a Z[G] - module on 
which the action of r is determined by r* = 1. The claim follows after 
proving the existence of a. Let x £ X he a. generator. The existence of 
the set Gx is a consequence of the Steinitz lemma in linear algebra. Let 
(9 = aT g QplG] and a = 1 - 6* ; we claim a satisfies the condition. Indeed 
X-^ = aQp[G] is the minimal submodule of Qp[G] annihilated by 0Qp[G], so 
x'^ = X~^ ^ which confirms the claim. □ 

We indicate here the general proof for the stabilization of the Leopoldt 
defect. 

Proof of Lemma 13.30 . From PropositionH Zp-rk((Gal(riij n M„)/]K„) = 
r2 for arbitrary base fields K containing p-th. roots of unity. The proof is 

constructive, since it amounts to M„,nr2£; = \Jm>n^oo[Ern^''^ ]■ Therefore 
{M-n'^E) I^E is an extension of Zp - rank At the same time, M„ C 

and the last is a field attached to a fixed base field K. Since Gal((M„ • 
^e)/^e) is a free Zp - group, it follows that this rank is upperbounded by 
A(I[C). Plainly P(]K„) < A(1C) for all n, which completes the proof. The same 
idea is used in Washington's proof. □ 

8. Appendix B: Facts and proofs for Section 3 

We start with the exposition of the Iwasawa skew symmetric pairing which 
allows the use of duality in the extension $7 /Vt e' ■ 

8.1. The Iwasawa skew symmetric pairing. In this section we recall 
Iwasawa's skew symmetric pairing [T3], §§9-11 and prove the Theorem [31 
For the ease of the reader we give a small table translating from our notation 
to the one used by Iwasawa in his seminal paper. 

n ^ M m ^ L 

TIe N TIe' N' 

Gal{n/nE') = ^ X Gal{Tl/{nE' -M')) Y 

This translation is pseudo-isomorphic; more precisely, Iwasawa also allows 
for some finite Zp - torsion parts, which we do not consider in our notation. 
He carefully detaches only the fi part of the galois group 3^. This detail is 
however not important for the arguments below. We define here H' C HI to 
be the maximal subfield of IHI which splits all primes above p. In Iwasawa's 
notation, H' = L'. 
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We recall the fundamental properties of Iwasawa's skew symmetric pair- 
ing. It is a map [ , ] : X x X — > Zp, written additively, with kernel 
LJ~^{Y) = U„u;~^(y), i.e. [X,x] = <^ x £ u)~^{Y): this important prop- 
erty is based on Lemma 14, §9. The pre-image uj~^{Y) defined in [T3], §9.3 
corresponds to the totally ramified subextensions of Q/Qe'- The pairing is 
related to the Kummer pairing as follows: at finite levels n > 0,n £ N, Iwa- 
sawa associates to x £ X a class c(x,n) € A'^, such that r2£;[c(x, n)-^/^"'''^] is 
unramified. Then the finite level pairing is induced from Kummer pairing 
by: 

[x,x']n = {x,c{x',n)) 
The skew symmetric pairing is the projective limit of these pairings, switch- 
ing to additive notation. The kernel of the map c : X ^ A' is exactly 
u}~^{Y), and it induces the kernel of the pairing. The magnificent work of 
Iwasawa consists in proving that the pairing is skew symmetric. In particu- 
lar, [x,x'] / iff [x',x] / 0. As a consequence, we can show 

Lemma 17. Notations being like above, let f G '^p[T] be a distinguished 
polynomial which divides the characteristic polynomial of A' and a € Af, 
the adjoint embedding in Definition\^ Suppose that J7£;'[(;"(a)^/^°°]/r2£;/ is 
an unramified TL^ - extension which splits the primes above p. Then there is 
ab £ Af* such that ^}E'['i{by^^°°]/^E' is unramified, [a, 6] = [6, a] and a,b 
generate reciprocally the galois groups of the above fields, via Artin symbol. 

Proof. Let a = (an)nGN £ Af and L = 17^;/ [0-*^/^°°]. Since h/^l^' splits the 
primes above p, we may apply the Iwasawa skew symmetric pairing. It 
follows that there is a b = (6n)neN 6 such that 

(60) [an, bn]n = [bn, an]„, = Cp^{n) , p™'^"^ = ord(6„) 00. 

By definition of the skew symmetric pairing, there are an, f3n £ ^E,n and 
ideals 21 G a„,!B G 6„ such that (a„) = St^^^*^"), (/?„) = «B°''<^(^") such that 
nElal/""^'] = QElaJ""'''], nEiPn^"^^'] = and 

[an,bn]n = {(p{an) , Pn) ] [^n,an]„ = ((/j(6n) , "n) • 

Since (<^(a„),/3„) = Cpni(n), the above relation implies {ip{bn),an) = Cp^X")- 
In particular, b Ker (c) and the extension Qe'I^^^^'^] must be unramified. 
Furthermore, it follows from (j60p that ip{b) -Zp = Gal{L,/0,E' and ip{a)-'Lp = 
Gal {yiE'[b^^^°°]/^E'') ■ This completes the proof. □ 

With this, we can give the 

Proof of Theorem It follows from the Lemma [T7] that the radical Anr is 
selfdual, and since Ae = A'^^, it follows that Ae = Anr and Q,ei[<^{A)e\ is 
the maximal unramified extension oi Q^e' in This proves point 1. Note 
that we cannot make any statement about O/fi: there may be ramified // 
- extensions, unramified ones or both; however, these extensions have finite 
exponent. 
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For f\F like in the hypothesis of the Proposition, the radical ?(^')/ splits 
into a ramified and an unramified part: the first generates a subfield of Hy, 
the second oi Qj. The non canonical choice of Aj. has here the same role 
as j4^: the intersection ?(^')/ H is a well defined radical which generates 

the extension Qe' ■ ^/ over QE'i^r/r' ] =B[- Q^'- This is point 2. 

Point 3 is directly verified from the points above: by considering radicals, 
we have Ae = A^r and thus. The definition of Ae yields {<;{A)/Ae)' = 
Galpij/Koo)' while = Ae and A' ^ Ga\{Tl/{TlE' -H)) explains the last 
two isomorphisms. It follows that A,. = c^(A/Ae)- 

For point 4, let f\F be such that Mf C i^E, then we use the fact that 
rad(0^/]Koo) is A quasi - cyclic and thus Gal((BIj nQ,E)/^oo) is a cyclic A - 
torsion Weierstrass module. If the / - part of <;{A) is cyclic or / is coprime 
to F/Fe, then ^ Gal((II/ n 0£;)/]Koo) is well defined. Applying point 

3, it follows that r2^/[?(A)j ]/^e' is totally ramified. Note that in this 
case ?(^)/ is a canonic component of Ar. The obstruction to a canonic 
definition of Ar arises thus only from / - components which are not cyclic 
A - modules. 

In particular, for f = T* and f = T, which are both prime polynomials 
such that the / - primary part J7j is cyclic, the point 4. applies and it follows 

that ] and ^}e'[^{^')t ] are both totally ramified, which is 

point 5. This completes the proof of Theorem [3j □ 

The skew symmetric property of the Iwasawa pairing is proved by clas- 
sical reciprocity. It is intimately related to the Leopoldt refiection, as the 
following simple example illustrates. Suppose that / is a prime polynomial 
with /(T) {T, T*} and q{A) = A/A^ © A/A^ © A^* . We may also assume 
that K is CM and thus /* annihilates A'^ . The / - part of A is A~j and 
has rank 2, but there is a canonic (up to finite torsion) cyclic submodule 
Aq = Aa C ^/ such that O^;/ -H = Q.e'['^{-^)q ]> while reflection requires 
that ]/nE' be unramified. Therefore A^r = Aq ■ Af*. We cer- 

tainly have Af, C Ae, since {A/AeY^^ = {!}; but is A^ ^ Aj* under 
Kummer pairing? This is a direct consequence of the Iwasawa skew sym- 
metric pairing. Showing that Aq d Ae means of the Leopoldt refiection 
is the difficult part, since it arises canonically as a radical, but non-canonical 
as a factor. However, if Aq <f_ Ae, since Ae is a Weierstrass module and / 
is assumed to be prime, it follows that Aq CiAe = {!}; comparing ranks, we 
find that Gal(]HIj/I[Coo) = (/?(Ao)|u^. We now invoke the Artin symbol, by 
which 

RADpij/Koo) = RABinE/Koo)/RAB{nE/ME) 
^ U+ /E^ ^ Gal{n/ (H • Qi^O ) = 
It follows that A* ^ Gal(H£;/lCoo)* and Ar = A/Ae = Aq. But then 
{^E' ■ BI)[j4q ] is unramified, in contradiction with the choice of Aq. This 



LEOPOLDT'S CONJECTURE 



57 



proof scheme is easily generalized in the CM case; for the non CM case 
we need the Corollary [2] below. One can prove thus by mere Leopoldt 
reflection, that Ae = ^'r) which then implies all the other statements in the 
Theorem O In particular, one may view the Kummer pairing as a pairing 
Ae X A'^ TLp\ it induces a symmetric quadratic form Q : a ^ [a, a*]. 
Deducing a map c : Ae ^ Ae such that 

[a,c{a)'] = [c{a)*,a] = [c(a)"\a'], 

which induces Iwasawa's skew symmetric pairing, requires some more work 
which we skip here, since we may use directly the results of |14] . 

8.2. Complex multiplication and duality. 

Proof of Fact\^ . Suppose that for an n > 0, the map Ln,n+i{A~) is not 
injective and let £) G a~ G A~ be a prime of order p which capitulates 
in Kn+i. Let = £)P,/3 G K„ and 0(Kn+i)£l = (b). Then there is 
a unit e G E{Kn+i) with 13 = eW and (5^-1 = (e/e) • but then 

e/e = C,^ Is & root of unity and after eventually multiplying /3 by we 
find {(3/¥')^~^ = 1. Since K^+i = it follows by Kummer theory 

that b^~3 = /3(1-J)/P G Kn+i and /3^~^ = C^l+i • Pf. This imphes that £2 is 
principal and a„, = 1, so there is no capitulation. □ 

We use now the Lemma [TJ] in the previous Appendix for proving the 
Proposition [3] and Proposition [H 

Proof of Proposition 0. We use class field theory; let il'^ denote here the 
maximal p - ramified p - abelian extension of ]K„: thus 0„ C 0^ is the 
maximal Kummer extension contained in Q'^. Then i^T*,n C 0^ is the 
maximal sub extension with group over IHIt^ a,nnih.ilctte(i by T^i by class field, 
theory, writing Vn = UrP /En-, we have 

We apply Lemma [TH to Vn ■ Now Uao = lim Un'^ is a A - module with 

a cyclic part of A rank r = 2r2 while E^o = lim Un^ has the essential A 

- rank r2- Since the Leopoldt defect is bounded - and in our hypothesis 
stable from IC upwards - the limit Uoo/Eoo has the essential A - rank r2 and 
p-rk{Vn) > r2p"'~'^. 

We consider the torsion part of Vn,T* ; this is ^^n+i for En, while Un has a p 

- torsion part T„ = (Cpn+iY, where s is the number of ramified primes above 
p: this is thus a group of exponent and sub-exponent p^~^^. The torsion is 
generated by the roots of unity in the various completions at primes above 
p. Indeed, let p = /5(Cp"+i — 1) + 1 G Un, with p defined in ([7]). Then 
I'pip) = Cp"+i while La^pip) = 1 for j > 1; since Up[Cpn+i] = Un,p, we see 
that r fixes Un,p and p'^* = 1. The torsion is thus r„ = p^p^^^ ^ (Cpu+i)^ 
and annihilated by T*: it follows that, in the notation of Lemma [14} we have 
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Tn = ^i{Un)- Consequently, the torsion group /in(K) = Tn/fipn+i = C^^+i; it 

is annihilated by T*. Let Q,'^ = ^^'■^"'•^"^^ be the fixed field of the torsion 

part. Its galois group is isomorphic, by Lemma [T^ to Yn := V^^" /Vn ^" ■ 
It is thus 'Lp\G\ quasi - cyclic of p - rank and subexponent with 

We have shown in Lemma [Ml that in,m\Xn) — ^rn ? which imphes that 

(~ xvW. ) 

^n,T*,E ■ I^m = \S^m,T* ,e\ ■ I^L particular, the fields ^^j^* form an 

injective sequence of fields with groups of constant p - rank and in the limit 
we have 

Putting the two pieces together, IHIt* C 17^* C Ot* and Gal(r2y,/]HIr*) 
is Zp[G] quasi - cyclic of p - rank while Gal(r2T*/^T*) ~ ¥'(a*oo(^)) is 
a group on which the G/Dp acts transitively and which is annihilated by 
the norm of K, having p - rank s — 1. It is interesting to observe that 
^oo\p^/P°°] C n'rp, is the subfield with group fixed by G; one may 'shift' 
the structure by this field, which naturally belongs to the p - unit field 
]Koo[n^/^°°] - this would correspond to the denominator fin{En) in /U„(V„). 
We would then have Qt* = j^T*,E[n^/P°°], for a new E with group of 
rank r2 — 1. The rank computation is the same and the difference consists 
in the side to which ]Koob^^^°°] is counted. □ 

We proceed with the simpler 

Proof of Proposition^ . The radical RAD((J7£;nM)/]Koo) C E^Ip"" is anni- 
hilated by T*. At finite levels we may apply the Lemma [HI to the finite A - 

modules Vn ■= En/ {En ) ■ The torsion part is /in.(^) = > the p - roots 
of unity of K.. They correspond to the extension Kqo; hence, the contribution 
of the torsion vanishes at infinity and we have Q£;nM = U„]K„[(E'/y")^/P"^^]. 

By Lemma [Ml the fields build an injective sequence with 

groups 3^T,n which are - quasi cyclic, of constant p - rank r2 and di- 

verging subexponents. Therefore 3^t = Gal(r2£;nM) is a quasi - cyclic Zp[G] 
- module of rank r2, free as a Zp - module. □ 

As a useful consequence, we have at least the following generalization of 
Fact[l 

Lemma 18. Suppose that the field IC is not CM. Let B <Z A he a A[G] - suh- 
module such that B^'^ = {!}. Then the capitulation kernel Ker {q[Bn) 
?(5)) = {1}- 



Proof. Like in the proof of Fact [H we choose S Bn and £} G a„, {(3) 
= {b) with b S so P = eV. Now we use annihilation of E by 

according to (I23p : the annihilator module ?(e) C is disjoint from R^'^ , 
which annihilates On- There is then an a G '^p[G\ such that ?(-B)n 
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but " S -^n+i ^^^^ thus G IK^+i • The same Kummer argument as 

before imphes that pP"''^ = x^"^' € K^^' and thus ((l}/(x))°)^"^' = (1), 
so £F is principal, in contradiction with our assumption. □ 

We proceed now to the proof of the simple Lemma [9] 

Proof of Lemma\M ■ Let 5 £ E he a Minkowski unit and 9 G Zp[G] such 
that 0/\G\ £ Qp[G] is an idempotent which generates the annihilator ideal 
6'^ C Qp[G]. Let e = Om+f^^^r^, with 9 = Om mod so 9m are 

the rational approximants of 9 to the ^'"-th order. Let C G be a minimal 
subset such that 9'Lp[G] = 9Zp[H]. We first define D'^ = Span((5^"+i'^)<^gH, 
where Span denotes here the Z - span. Then D'^ C U^"^^ by construction. 
However the condition that (Z)„ ■ EP)/EP has p - rank r may not be fulfilled, 
so we shall need to perform some change of generators. This will be done 
by combining D'^ with radicals from D'^^j for j > 0; the approach is similar 
to the one in the proof of Lemma [Ml 

The set Si = {{9iZp[H]) ■ {pZp[G])) / {pZp[G]) is finite and D[ ^ 6^^ mod 
{D[)P. Let i{x) : ^ ^ N be the p - index, so i{x) = k ^ x £ Ep" \ Ep"^^ ; 
there is then a finite k = max(i(5*) : s £ Si). If A; = 0, then we may 
define Dn = D'^. Otherwise, let < r be the p - rank of {D[EP )/EP and 
ri = r — r[. Let 

d'j£D[,ej£E:d'j=e>^\j = l,2,...,ri 

be a system of Z - independent units and let tj £ TL\G\ be such that d!j = 
§Si tj _ Then we define 

By construction, we see that dj^n ^ E \ EP and dj,n £ IfP"^^ . Let Di n = 
Spa.n{dj^nYjLi- We proceed by induction as follows: let Hi C H he a maxi- 
mal subset such that and Di i are Z - independent, thus \Hi\ = r—ri. 
Let 52 be defined with respect to ifi'by 52 = {{9iZp[Hi])-{pZp[G]))/{pZp[G]) 
and ki = max{i{6') : s £ S2). If h = 0, then we let L>„ = L>i,„ • d^^^K The 
systems C E fulfill the required properties by construction. If ki ^ 0, 
we proceed like in the previous step and since ki < k, the procedure will 
eventually end for a value k^ = 0. Thus, we obtain systems of units Dn C E 
with p-Tk{{DnEP)/EP) = r, L>„ C f/^"^' and Dn+i C • Ep"^\ The 
sub-exponent p'^~^ for Dn/Dn follows from the fact that 

p-Tk{Dn/DP;'^') = p-Tk{Dn ■ EP"^' / EP''^' ) , 

which holds by construction. □ 

9. Appendix C: Complements to sections 4 and 5 
We give an example of an extension 0, f* /Hj* with a polynomial /(T) 7^ T: 
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Example 2. Let IC = Q[C] be the p-th cyclotomic extension. Then s = 1 
and r2 = {p — l)/2. Thus Zp-rk{Gal{QT* /^oo)) = r2 and 

Suppose now that p is such that Vandiver 's Conjecture holds and the irreg- 
ularity index is 1. Let then A = A~ = Aa and assume additionally, that the 
minimal polynomial of a is linear, namely f(T*) = T* + cp, c G . This 
is a situation which occurs often. The cyclotomic units Cn = En = 0(Kn) 
and the local units U'^ are norm coherent and the norm is surjective on both 
systems of units; let be the orthogonal idempotent with Sp-kA 7^ {1} and 
X £ Z[G] approximate £k, the reflected idempotent, to order p^^ , for some 
large M ; in particular, k is even. There is for n < M a system of local and 
global Minkowski units & Un,T]n £ 'Rri Kn such that 

(61) C^^^^^=rii-xf, Xn^Un. 

In particular ^njVn generate one dimensional An/p^'^ - modules. Let n 
be fixed with 2n < M; by choice of f , the classes in An have order p'^'^^ , so 
there is a cyclic unramified extension F„,/]K„ of degree p"'~^^ . By the proof 
of Lemma \14[ class field theory requires that there also be a p - ramified 
extension L„/]HI„ of degree with p^^^ > p™- > q^kI galois group in 

the £p-k component of G'a/(r2„/]HI„,), annihilated by f{T*). 

The Lemma concerns in fact only the polynomial f{T) = T, but the case 
when f is an arbitrary polynomial is proved similarly. In general, if f{T) is 
a polynomial of degree d, there exist for n sufficiently large gn,hn £ A such 
that 

n+1 n+1 

It follows that {Un" ■ Un )/Un has p - rank d ■ (2r2) and is annihi- 
lated by f. Defining f like above and 0,f by Definition \^ it follows that 
p-rk (^ep^kGal{Qn,p /^n)) = 2 = deg(/^). In our example, the ramified ex- 
tension must be a cyclic extension of F„ and = M.n+m^n is a Kummer 
cyclic extension which is abelian over ]K„ and F'„ = F„ • M.n+m C L'^. 

Let = 'Kn+m[e^^^" ] a^ic^ G Ga/(L^/]K„+,„) be a generator. Then 
v"^^^ is a generator for the ramified extension L^/F^; by hypothesis we must 
have u^"^^'-^'^'^*^ = 1. Furthermore, v generates by restriction G'a/(F^/]K„4.m,) 
and the hypothesis implies that uf^'^*^ fixes F^, thus u-^^^*^ G i/P"^^. As- 
sembling the two conditions, we deduce that v^^'^*^ =1. It follows that 
L„ C £p-k^n,p ! a p - abelian, p - ramified extension of p - rank 2, where 
idempotents act on fields by acting on galois groups fixing these fields: 

Q _ Q(l-£p-fc)Gai(nn/Kn) 

We now consider Kummer radicals. Reflection implies for e that 



(62) 



LEOPOLDT'S CONJECTURE 



61 



Furthermore, since Lj^/]K„ is abelian, we have the condition 

(63) e'^-^K^n. ■ 

Additionally, F„ is Kummer over I[C„,, so there are cq G and u G -En+m 
with 

(64) e = eo-n^""\ eo G C/f" \ e^^ G 

r/ie three conditions must have a solution, as required by class field theory. 
Let e = rj^^^, with A G A. Then [64\ ) yields A = Nn+m,nCL{T) + p"'~^'^b{T) 
for some a{T), b(T) G A \ pA such that 

a{T).f{T) G (^„,p"+^)A 

Nn+m,n-a{T).f{T)+p^^%T).f{T) G K+^,p'^+'"+^)A 

Nn+m,n ' a{T) ■ uo^ + p^+H{T) ■ u:^ G (w„+^,p"+"^+^)A 

Nn+m,n ' a{T) ■ /(T) + p^+^b{T) ■ f{T) 

f ('~r\ 

The last condition stems from rjn+m = Cn+m' which is Ii61\). and implies that 
L'/F^ is ramified. A solution arises by using i f50j] and the general fact that, 
for coprime polynomials f,g£ 7Lp\T\, the ideal {f,g) is of finite index in A 
and there is a linear combination uf + vg = p^ with p^ > inax(f(0),g{0)). 
Let gnf + XnUJn = p"""*"^- The first condition implies that a{T) is a multiple 
of gn, say a{T) = gn{T)a'{T). The second and the last conditions become 
then 

(65) a'(r) + 6(r)/(r) g a \ (p, cu„+„)a, 

a'{T)f{T) + b{T)f\T) G (a;„+^,p™)A, 
while the third becomes, via ^50\) . 

(66) gn{T)a'{T) + b{T) ■ UnLOn e {uJn+m,p"')A. 

Finally the resulting system can be solved as follows: first find a couple 
a'^ (T) , bi (T) G A \ pA with minimal valuations and such that the condition 
(E^ is fulfilled. Set a'{T) = a2{T) ■ ai{T) and b{T) = bi{T) ■ p' ■ a2(T) and 
solve < [g5|) with respect to a2{T) and s. A possible solution arises by setting 
s = Q and g'{T) G (p,cj„,+^)A, such that g'{T)f{T) + y{T)uJn+m G ^'"A. 
Then let X' = gn{T)ai{T) + bi(T)f{T), which is the right hand side in the 
first condition of i65\) . We may assume that A' pA, since both terms are 
not p - multiples and if the sum is, one may always add a multiple of to 
bi(T), achieving the required result. Thus we solve 

a2(r)A'G(ff'(T),p™)A. 

Then neither cq nor u are p - powers and the resulting e verifies all the 
required conditions, including the fact that L'/F^ is ramified. 

After having shown the existence of the extension towers ]K„ C F„, C 
it is interesting to consider the picture at infinity. We have shown that 
the galois groups G'a/(r2„ /]HI„) are norm coherent. The extensions F„ form 
an injective system, so let F = IJn^fi- Since £p-k^(^f*^2 has group of Zp - 
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rank 2, there is a Zp - extension Kqo C F C £p^k^(^j*y2 which is linearly 
disjoint from F and with galois group annihilated by but not by f. Since 
Gal(L„/F„) form a projective system, it follows that¥-L,n are injective and 
L = L„ -F is a Zp - extension o/F with G'aZ(L/F)^(^*) = {1}, as required. 
Furthermore, L„ C ^n,p f^"^ it follows that L C r2(-j*-)2. Although 

L„/I[C„, are cyclic for all n, the system (Kqo • L„)„gN is not injective. This 
can also be verified from the explicite construction above. For f{T) ^ T one 
thus observes that in the case when EIj 7^ Kqo there is a p - abelian and 
totally p - ramified extension h/Mj with group annihilated by f. In this case 
L C ^^(/*)2 \ 0,f. 

II— ( I ,— \£p-fe(/*)^ 

The same arguments require that O^^.^a/H with Gal ( il^^,p/H 1 = 

{1} has TLp - rank 2. The rank loss propagates and there must be aZp - subex- 
tension L' C ^(j*)2 with L' C ^(/*)3 \ ^(/•)2- Since Q contains a free A - 
submodule, the rank loss is absorbed at infinity. 

Next we illustrate the arguments of the proof of Proposition [5] on the 
example of the p - cyclotomic tower, used in the previous example. Thus, 
K = Q[C]- In this example, we may assume that Vandiver's Conjecture holds 
for p, so the units E(M.n) are cyclotomic and Nm,n{Em) = En- Let = 
^^g^ lij'^((t)(7~^ be the orthogonal idempotents of 'Lp\G\ and assume 
that Leopoldt's Conjecture is false. Then there is an even number p — k 
such that £p-kE = {!}; the construction of $ shows that e^A/ [A^*) is 
infinite. Let x ^ Z[G] approximate £p-k to the p^^-th power for a large 
M, so 7/-^ G UiJ^Y^' , with rj a real cyclotomic unit generating E{K.) as a 
Zp[G] - module. Let M/4 > n > and = Kn[r]^^P"^^], an unramified 
extension. Proposition [5] shows that there is no totally ramified extension 
L„/$„ of degree p'"/^ < = [L„ : < such that L„/]K„ is abelian 

- here the Leopoldt case differs from Example [21 It follows from Lemma [3] 
that Qe'I^t ]/^E' must be totally ramified; however the Iwasawa skew 
symmetric pairing shows that this extension is unramified. Therefore it must 
be trivial and the Leopoldt defect vanishes. 
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